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Abstract 
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1 Introduction 

The aim of this paper is to address the differential geometry of (categorical 
group) 2-bundles over a smooth manifold M and their two dimensional parallel 
transport with a minimal use of two dimensional category theory, the ultimate 
goal being to define Wilson surface observables. The only categorical notion 
needed is that of an (edge symmetric, strict) double groupoid (with thin struc- 
ture), which is equivalent to a crossed module or to a categorical group; see 
[BHil IBHS1 IBH6I iBLl iBSl IBM] . We also use the concept of a cubical set 
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|BH21 [jTl IGMj . a cubical analogue of a simplicial set, familiar in algebraic 
topology; see for example jMaj . 

Our definition of a 2-bundlc with connection will be given in the framework of 
cubical sets. Given a crossed module of Lie groups Q = (d : E — > G, >) , where > is 
a left action of G on E by automorphisms, the definition of a cubical (J-2-bundlc 
with connection 23 over a manifold M is an almost exact cubical analogue of the 
simplicial version considered in [HllBSl[ |BS2 Br Me] . Following [Hi IMP) , we will 
consider a coordinate neighbourhood description of 2-bundles with connection. 
For a discussion of the total space of a 2-bundle see |RS1 IBarl IWoj . 

We also define the thin homotopy double groupoid of a smooth manifold 
M, constructed from smooth maps from the square to M, identified modulo 
thin homotopy. An advantage of the cubical setting over the simplicial setting 
is that subdivision is very easy to understand. In a cubical ^-2-bundle with 
connection, all connection forms are in principle only locally defined. Therefore, 
given a smooth map [0, l] 2 — > M, to define its holonomy (for brevity we will use 
the term holonomy, instead of the more accurate term, parallel transport), one 
needs to subdivide [0,1] 2 into smaller squares, consider all the locally defined 
holonomies (which we will define and analyse carefully) and patch it all together 
by using the 1- and 2-transition functions of the cubical C?-2-bundle, and the 
transition data of the connection. A double groupoid provides a convenient 
context for doing this type of calculations, and is easier to handle than the 
decomposition of [0, l] 2 into regions by means of a trivalent embedded graph of 
[P] . Citing fBHSl IBH1] , double groupoids trivially have an algebraic inverse to 
subdivision. This was the motivation for our cubical set approach to 2-bundles 
with connection and their holonomy 

We derive the local two-dimensional holonomy (based on a crossed mod- 
ule) , the transition functions and their properties by extending results from our 
previous study [FMPlj of holonomy and categorical holonomy in a principal 
fibre bundle. Even though its definition is apparently non-symmetric in the 
two variables parametrising [0, l] 2 , the local 2-dimensional holonomy which is 
associated to maps [0, l] 2 — > M is covariant with respect to the dihedral group 
of symmetries of the square. This important result (the Non-Abelian Fubini's 
Theorem) ultimately follows from the crossed module rules, and would not hold 
if a pre-crossed module were used. 

Let Q = (d : E — > G, >) be a Lie crossed module. We show (in the final 
section) that the cubical C?-2-bundlc holonomy which we define can be associated 
to oriented embedded 2-spheres ScM yielding an element W(23, S) £ ker<9 C 
E (the Wilson sphere observable) independent of the parametrisation of the 
sphere and the chosen coordinate neighbourhoods, up to acting by elements of 
G. This follows from the invariance of cubical f/-2-bundle holonomy under thin 
homotopy (up to acting by elements of G) and the fact that the mapping class 
group of the sphere S 2 is {±1}. This Wilson sphere observable depends only on 
the equivalence class of the cubical <?-2-bundle with connection 23. For surfaces 
other than the sphere embedded in M, a holonomy can still be defined but it 
will a priori (since the mapping class group is more complicated) depend on the 
isotopy type of the parametrisation. We will illustrate this point with the case 
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of Wilson tori. 

An important problem that follows on from this construction is the definition 
of a gauge invariant action in the space of all 2-bundles with connection over 
a smooth closed 4-dimensional manifold, analogous to the Chcrn-Simons action 
for principal bundles with connection over a 3-dimensional closed manifold - 
see [B]. Given that a gauge invariant sphere holonomy was defined, this would 
permit a physical definition of invariants of knotted spheres in S 4 analogue to 
the Jones polynomial; see for example |Wi IKol lAFi ICR| . 
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2 Preliminaries 

2.1 The Box Category and cubical sets 
2.1.1 Cubical sets 

The box category S, see pU lBH2l lBH3l iBHSl |GM] . is defined as the category 
whose set of objects is the set of standard n-cubes D n = I n , where / = [0, 1], 
and whose set of morphisms is the set of maps generated by the cellular maps 
8f n . D n ->■ D n+1 , where i = l,...,n+l anda iin : D n+1 -^D n ,i = l,...,n+l. 
We have put: 

&i n (-^1 j • • • j 1 j ^i+l j ■ • ■ ) %n ) — (-^l ) • ■ • ; ^i— 1) 0; ^'-(-1 j ■ • ■ j %n ) 
&i fi (^1 ) • ■ • 3 1 > ^z+1 : • • • j %n ) — j • • • j 1 j 1 : 3 • • - j %n ) 
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^2,n+l {x\ , ■ • ■ , ^n+l) — (x\ ? • * • 3 j ; • • • j *En)- 

We will usually abbreviate 8i tn = Si and cx^ = <jj. 

Definition 2.1 (Cubical set) A cubical object K in the category of sets (ab- 
brev. "cubical set") is a functor 23 op — > Sets, the category of sets; see \BH3\. YJT\ 
G-Mj \BHSf . Here 23 op is the opposite category of the box category 23 . A mor- 
phism of cubical sets (a cubical map) is a natural tranformation of functors. We 
can analogously define cubical objects in any category, for example in the cate- 
gory of smooth manifolds and their smooth maps (defining cubical manifolds), 
or more generally in the category of smooth spaces }BHo[ \Ch]l . 



Unpacking this definition, we can see that a cubical set K is defined as being 
an assignment of a set K n (the set of n-cubes) to each n £ N, together with 
face maps d i : K n — > K n -i and degeneracy maps e; : K n -\ — > K n , where i € 
{1, . . . , n) satisfying the cubical relations: 



d?df - dl.df (i < j) 
ei6j = e j+1 ei (i < j) 




(* < J) 

(i > J) (2-1) 
(i=j) 



Here a, (3 E { — ,+}. The description of a cubical manifold is analogous, but 
each K n is to be a smooth manifold, and all faces and degeneracies are to be 
smooth. A degenerate cube is a cube in the image of some degeneracy map. A 
cubical set K for which Ki consists only of degenerate cubes if i > n will be 
called n-truncated. 

Definition 2.2 (Dihedral cubical set) // a cubical set K has an action of 
the group of symmetries of the n-cube (the n-hyperoctahedral group) in each set 
K n , compatible with the faces and degeneracies in the obvious way, it will be 
called a dihedral cubical set. A cubical map K — > K' between dihedral cubical 
sets that preserves the actions will be called a dihedral cubical map. 

Dihedral cubical sets are called cubical sets with reversions and interchanges 
in [GMj . To relate the two definitions, note that the n-hyperoctahcdral group 
is generated by reflections and interchanges of coordinates, and is therefore 
isomorphic to x S n . 

Example 2.3 Let M be a manifold. The smooth singular cubical set C{M) of 
M is given by all smooth maps D n —5- M , where D n = [0, 1]™ is the n-cube, 
with the obvious faces and degeneracies, \BH3\j . This is a dihedral cubical 

set in the obvious way. We can also see C(M) as being a cubical object in 
the category of smooth spaces WHotf , by giving the set of n-cubes the smooth 
structure of \Ch\ \BHof . 
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Example 2.4 Analogously, given a smooth manifold M , the restricted smooth 
singular cubical set C r (M) of M is given by all smooth maps f: D" — > M for 
which there exists an e > such that f(x\,X2, ■ ■ ■ x n ) = /(O, x-i, ■ ■ ■ x n ) ifx± < e, 
and analogously for any other face of D n , of any dimension. We will abbreviate 
this condition by saying that f has a product structure close to the boundary 
of the n-cube. This condition allows the composition of n-cubes to be defined, 
which we will be needing shortly. In the terminology of JBH3f . this example is a 
cubical set with connections and compositions. 

2.2 Lie crossed modules 

All Lie groups and Lie algebras are taken to be finite-dimensional. For details 
on (Lie) crossed modules see, for example, (HU iBMl iFMl IFMPU [Bj [BE], and 
references therein. 

Definition 2.5 (Crossed module and Lie crossed module) A crossed mod- 
ule (of groups) Q = [d: E — > G, t>) is given by a group morphism d: E — > G 
together with a left action > of G on E by automorphisms, such that: 

1. d{g > e) = gd(e)g ; for each g 6 G, for each e G E, 

2. 3(e) > / = e/e _1 ; for each e, / 6 E. 

If both G and E are Lie groups, d: E —> G is a smooth morphism, and the left 
action of G on E is smooth then Q will be called a Lie crossed module. 

A morphism Q — > Q' between the Lie crossed modules Q — (d : E — > G, >) 
and Q' = (d' : E 1 —> G',>') is given by a pair of smooth morphisms <\>: G — > G' 
and ip : E — > E' making the diagram: 



E - 


G 
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I- 


E' - 


G' 



commutative. In addition we must have ip(g > e) = (f>(g) >' ip( e ) f° r each e G E 
and each g G G. 

Given a Lie crossed module Q = (d: E G, >), then the induced Lie algebra 
map d: e — >• g, together with the derived action of g on e (also denoted by >) 
is a differential crossed module, in the sense of the following definition - sec 
(BSlllBS2l lBllBC). 

Definition 2.6 (Differential crossed module) A differential crossed mod- 
ule (or crossed module of Lie algebras) 25 = (d: e —> 0,t>), is given by a Lie 
algebra morphism d : e — > g together with a left action of g on the underlying 
vector space of t, such that: 
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1. For any X G g the map v£e\->X>v£tisa derivation of e, in other 
words 

X > [u, v] = [X > it, v] + [it, X > v]; for each leg, for each u, v E e. 

2. The map g — > Dcr(e) from g into the derivation algebra of e induced by 
the action of g on e is a Lie algebra morphism. In other words: 

[X, Y] > v = X > (Y > v) - Y > (X > v); for each X, Y G g, /or eac/i u G e. 

3. d(X > i') = [X, £?(«)]; /or eac/t X G 0, /or eac/i v G e. 
^. 9(u)>d = [it, /or eac/t u, u G e. 

Note that the map (X, v) G g x e n> X > i> G e is necessarily bilinear. 

A very useful identity satisfied in any differential crossed module is the fol- 
lowing: 

9(it) > v = [it, v] = — [v, it] = —d(v) > it, for each it, v G e. (2-2) 

This will be used several times in this paper. 

Given a Lie crossed module Q = (d : E —> G, >) , we will also denote the in- 
duced action of G on c by >. Finally, given a differential crossed module, 
© = (d: e — > g, >) there exists a unique crossed module of simply connected Lie 
groups Q = {d : E — >• G, >) whose differential form is (3, up to isomorphism. The 
proof of this result is standard Lie theory, together with the lift of the Lie algebra 
action to a Lie group action, which can be found in [R], Theorem 1.102. 



2.2.1 The edge symmetric double groupoid V(Q) where Q is a crossed 
module 

The definition of an edge symmetric (strict) double groupoid K (with thin 
structure) can be found for example in jBHll IBHS1 IBHKP1 IBSj . These are 
2-truncated cubical sets for which the set of 1-cubes K\ is a groupoid, with 
set of objects given by the set of 0-cubes, and also with two partial composi- 
tions, vertical and horizontal, in the set K% of 2-cubes (squares), each defining 
groupoid structures for which the set of objects is the set of 1-cubes. These 
horizontal and vertical compositions should verify the interchange law: 

(fcifca) Ai\ fk 2 \ 

= I , for each fci, /c 2 , &3, G /C2, 

(hh) \kj \kj 

familiar in 2-dimensional category theory, and be compatible with faces and 
degeneracies, in the obvious way. In particular, the identity maps of the vertical 
and horizontal compositions are given by degenerate squares. 

There is also an extra condition that should be verified, which is the existence 
of a thin structure, meaning that there exist, among the squares of K., special 
elements called thin such that: 
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1. Degenerate squares are thin. 



2. Given a, &, c, d £ K,± with a6 = cd, there exists a unique thin square k 
whose boundary is: 



in other words such that dd{k) = a 7 d r (k) = b,d u (k) = d and di{k) = c, 
where we have put dd = , d r = , 9„ = and 0; = &f . 

3. Any composition of thin squares is thin. 

Let G = {d: E — > G, >) be a crossed module. Given that the categories of 
crossed modules, categorical groups and double groupoids with a unique object 
* are equivalent (see |BH1[ IBH61 IBHS1 IBSl IBLj ). we can construct a double 
groupoid T>(Q) out of Q. The 1-cubes T> x (Ci) of T>(Q) are given by all elements 
of G, with product as composition, and the unique source and target maps to 
the set {*}. The 2-cubes T> 2 {Q) of T>(Q), which we will also call squares in Q, 
have the form: 

W 



->■ * 



(2.3) 



where X, Y, Z, W e G and e G E is such that die^XY = ZW . The horizontal 
and vertical compositions are: 



w w' 

* > * * >• * 



Y Y 



X 



X' 



WW 
* >• * 



V = Z (X>e')e 



XX' 



and 



IT' 



* - 




-> 


* 




e 




1' 


* - 




-> 


* 


* - 


W 


-> 


* 



= zz 



w' 



eZt>e' 



x 
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The thin structure on T>(Q) is given by: a square is thin if the element of E 
assigned to it is Is . 

Alternatively the thin structure can be given by introducing the following 
special degeneracies, usually called connection maps (not to be confused with 
differential geometric connections) r ,L, n , j: T> 1 (Q) — > V 2 (Q), whose images are 
thin: 

1g X 
* > * * > * 



X 



->• # * > * 

la 



1 



* — 5- * 



1 o V 
* ^ * 



= X 



If; 



j [ * — ^ * ) = x _1 



I lG 



'I - i 



Here we are using results of [BHSl iBHTl lBH2l IBH31IHT] . where it is shown that 
the existence of special degeneracies, satisfying a set of axioms, is equivalent 
to the existence of a thin structure. Then an element of T> 2 (Q) is thin if and 
only if it is the composition of degenerate squares and the images of special 
degeneracies; see [RTI IBHSj . 

The set V 2 (Q) is actually a £>4-space, where D4 is the dihedral group of 
symmetries of the square. This can be inferred from the existence of a thin 
structure. Consider the following representative elements p v /2 > r x , r y and r xy 
of D4, where p^/ 2 denotes anticlockwise rotation by 90 degrees, and r Xl r y ,r xy 
denote reflection in the y = 0, x = and x = y axis (recall that these last three 
elements are generators of D4 = Z| X £2)- Under the action of these elements 
of -D4, the square (|2 .3[) is transformed into, respectively: 



x 



X , Z~A Zee' 1 h 
* - 



y X>e _1 



z- 1 



tr 



x- 1 



In fact each element of D4 acts on T> 2 {Q) by automorphisms, though some 
times permuting the horizontal and vertical multiplications, or the order of 
multiplications. 

The horizontal and vertical inverses e~ h and e _v of an element e <G V 2 (Q) 
are given by e~ h = r y {e) and e~ v = r x (e); we will often identify an element of 
T> 2 (Q) with the element of E assigned to it, whenever there is no ambiguity. 

There are two particular maps <£>, $' : V 2 (Q) — > V 2 (Q), where g £ G, called 
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folding maps, which we would like to make explicit. These are defined as: 



4> 



and 



V * - 

/ * 



11' 



A" 



I' 

■> * J 



ZWY~ 1 X' 



1g 



la 



V X 



\ 



/ 



ZWY~ L X 



-l v -i 



>• * 



There also exists an action of G on T> 2 (G), which has the form: 





( * ' 


w 






* 5> * 




4 


e 


I- 










I * - 








* » * 

gXg- 1 



2.2.2 Flat ^-colourings, the edge symmetric triple groupoid 7(G) and 
the nerve of the crossed module 



Going one dimension up, following [BHS ! BHL BH2, BH3, BH6 , we can analo- 
gously define an edge symmetric triple groupoid 7(G) of thin 3-cubes in G, from 
the crossed module G = (d: E — > G, >). 

The T and 2-cubes of 7(G) are already defined, being 7 1 (G) = V 1 (G) and 
7 2 (G) = T> 2 (G), so let us define the set of thin 3-cubes 7 3 (G) of 7(G). Consider 
the set of assignments (^/-colourings of D 3 ) of an element of G to each edge of 
the standard cube D 3 = [0, l] 3 in R 3 and of an element of E to each face of D 3 . 
Each of these assignments can be mapped to the set of ^-colourings of D 2 , i.e. 
assignments of elements of G to the set of edges of the standard square D 2 in 
R 2 , and an element of E to its unique face in several different ways, by using 



the maps Sf 



1,2,3 of O 



Given a ^-colouring c 2 of D 2 , we put Xf(c 2 ) = df(c 2 ) G G as being 
c 2 o 5f(D x ) where i = 1, 2. We also put e(c 2 ) = c 2 (D 2 ). Analogously, if c 3 is a 
^-colouring of D 3 , we put ef(cz) = d^(cz) as being the colouring of D 2 given 
by c 3 o 8f where i = 1, 2, 3. 

Definition 2.7 (Flat (/-colouring) A G-colouring c 2 of D 2 is said to be flat 
if it yields an element ofT> 2 (G), in the obvious way, in other words if 

d(e(c 2 ))- 1 X^(c 2 )X+(c 2 ) = AY(c 2 )X+(c 2 ). 

Analogously, a G-colouring c 3 of D 3 is said to be flat if: 
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1. Each restriction dj (c 3 ) of c 3 is a flat Q-colouring of D 2 . 

2. The following holds: 

r (9+5r(c 3 )) e+(c 3 ) ^(d+d+(c 3 )) 

£3(03) = p T / 2 (ei(c 3 )) e 3 (c 3 ) r xy {ef(c 3 )). (2.4) 

i_(af0f(c 3 )) r„(ej(c 3 )) j(9 2 -9^(c 3 )) 

We ™/Z caZZ i/w's £/ie homotopy addition equation, following the ter- 
minology adopted in JBH5f . Note that we are expressing the fact that the 
non-abelian composition of five faces of a cube agrees with the sixth face. 

The set 7 3 (G) of (thin) 3-cubes in Q is given by the set of flat Q -colourings of 
the 3-cube. 

The set "J 3 (G) of thin 3-cubes in Q has three interchangeable associative 
compositions (horizontal, vertical and upwards), as well as boundary maps, 
d^,i = 1,2,3. These compositions are induced by the horizontal and vertical 
composition of squares in Q in the unique way such that the boundary maps df 1 
in the transverse directions are groupoid morphisms. By considering the obvious 
degeneracies e l : V 1 (G) -> V 2 (G),i = 1,2 and e*: V\Q) -> 7 3 (G),i = 1,2,3, 
obtained by projecting in the i th direction f sec 12 .1.1"]) . we can see that we obtain 
a 3-truncated cubical set 7(G), which is a strict triple groupoid. 

By continuing this process, one gets a cubical set N(C7), which is called the 
cubical nerve of Q. The n-cubes of N(G) are given by all ^-colourings of the 
n-cube D n such that for each 2- and 3-dimensional face of D n the restriction of 
the colouring to it is flat. This is a cubical manifold if G is a Lie crossed module. 
The geometric realisation of J^(G) is called the cubical classifying space of G] see 
|BHS1 IBH4j and |BH5j for the simplicial version. Note that more generally we 
can take G to be a crossed module of groupoids |BHS1 IFMPoj , with completely 
analogous definitions. 

Note that the homotopy addition equation (|2.4[) can be expressed in several 
different ways by using the Z^-symmetry, and applying the maps <&,& g . In 
particular, we get the equivalent equation: 

, , , xx e r( c 3) 4( c s) r x {ef(c 3 )) r x (e^(c 3 )) 
$ 9 -a-(c 3 )(4(c3))= (2.5) 
2 l(3) ^(e 3 (c 3 )) 

2.3 Construction of the thin homotopy double groupoid 
of a smooth manifold 

Let M be a smooth manifold. We now construct the thin homotopy double 
groupoid 6>2(Af) of M. For the analogous construction of the fundamental thin 
categorical group of a smooth manifold see |FMP1| . 
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2.3.1 1-paths, 2-paths and 1-tracks 

Definition 2.8 (1-path) A 1-path is given by a smooth map 7: [0,1] — > M 
such that there exists an e > such that 7 is constant in [0, e] U [1 — e, 1]; in the 
terminology of [CP], this can be abbreviated by saying that each end point of 7 
has a sitting instant. Given a 1-path 7, define the source and target or initial 
and end point 0/7 as 17(7) = 7(0) and t(7) = 7(1), respectively. 

Given two 1-paths 7 and <f> with t(j) = cr((f>), their concatenation jcj) is 
defined in the usual way: 



dm) 



' 7 (2i), if t £ [0,1/2] 
>(2i-i), if te [1/2,1] 



Note that the concatenation of two 1-paths is also a 1-path, and in particular 
is smooth due to the sitting instant condition. 

Definition 2.9 (2-paths) A 2-pathT is given by a smooth map T: [0, l] 2 — > M 

such that there exists an e > for which: 

1. T{t,s) = T(0,s) if0<t<e and s € [0, 1], 

2. T(t, s) = T(l, s) ifl-e<t<l ands £ [0, 1], 

3. T(t,s) = T(t,0) if < s < e and t e [0, 1], 

4. T(t, s) = Tit, 1) if 1 - e < s < 1 and t e [0, 1]. 

We abbreviate this by saying that T has a product structure close to the boundary 
o /[0,l] 2 . 

Given a 2-path T, define the following 1-paths: 

dz(r)( s ) = r(o, s), a e [o, 1], d r (r)( s ) = r(i, s ), s e [o, 1], 
0«,(r)(t)=r(i,o),*e[o,i], s„(r)(i) =r(i,i),t e [o,i]. 

If r and r" are 2-paths such that d r (T) = di(T') their horizontal concatena- 
tion ro h r' is defined in the obvious way, in other words: 



' T(2i, s), if t £ [0, 1/2] and s £ [0, 1] 

T'(2t - 1, s), if t £ [1/2, 1] and s £ [0, 1] 
Similarly, if d u (T) = dd(T') we can define a vertical concatenation ro v r' as: 

' T(t,2s), if s £ [0,1/2] and t £ [0,1] 

2s - 1), if s e [1/2, 1] and t £ [0, 1] 



(r° h r')(M) 



(ro v r')(M) = 



Note that again both concatenations are smooth due to the product structure 
condition. 
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Definition 2.10 Two 1-paths <p and 7 are said to be rank-1 homotopic (and we 
write (f)=i^j) if there exists a 2-path T such that: 

1. di(T) and d r (T) are constant. 

2. d u {T)= 1 and d d {T) = <j>. 

3. Ranker) < 1, for each v E [0, l] 2 . 
Here D denotes the derivative. 

Thus if 7 and <f> are rank-1 homotopic, they have the same initial and end-points. 
Note also that rank-1 homotopy is an equivalence relation. Given a 1-path 7, 
the equivalence class to which it belongs is denoted by [7]. Rank-1 homotopy is 
one of a number of notions of "thin" equivalence between paths or loops, and 
was introduced in |CPj . following a suggestion by A. Machado. 

We denote the set of 1-paths of M by S X (M). The quotient of S X {M) by the 
relation of thin homotopy is denoted by §i(M). We call the elements of §i(M) 
1-tracks. The concatenation of 1-tracks together with the source and target 
maps tr, t: §i(M) — > M, defines a groupoid Si(M) whose set of morphisms is 
Si(M) and whose set of objects is M. 

2.3.2 2-Tracks 

We recall the notation of 12.1.11 

Definition 2.11 Two 2-paths V and V are said to be rank-2 homotopic (and 
we write T =2 T'J if there exists a smooth map J : [0, l] 3 — > M such that: 

1. J(t,s,0) = T(t,s), J(t,s,l) = T'(t,s) for s,t e [0,1]. In other words 
J o 5^ = r and Joi5j = T' . 

2. J o Sf 1 is a rank-1 homotopy from T o Sf 1 to T' o S^ 1 , where i = 1,2. 

3. There exists an e > such that J(t,s,x) = J(t,s,0) if x < e and s,t 6 
[0, 1], and analogously for all the other faces o/[0, l] 3 . We will describe this 
condition by saying that J has a product structure close to the boundary 
o/[0,l] 3 . 

4. Rank(D„ J) < 2 for any v e [0, l] 3 . 

Note that rank-2 homotopy is an equivalence relation. To prove transitivity 
we need to use the penultimate condition of the previous definition. We denote 
by S 2 (M) the set of all 2-paths of M. The quotient of S 2 (M) by the relation of 
rank-2 homotopy is denoted by §2(Af). We call the elements of §2(M) 2-tracks. 
If r G S2(M), we denote the equivalence class in §2(M) to which T belongs by 

n 
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2.3.3 Horizontal and vertical compositions of 2-tracks 

Suppose that T and r" are 2-paths with d u (T) =x dd,(T'). Choose a rank-1 homo- 
topy J connecting d u (T) and d d (T'). Then [r] o v [r'] is defined as [(ro v J)o v T'}. 
The fact that this composition is well defined in § 2 (M) is not tautological (and 
was left as an open problem in jMPj ). However this follows immediately from 
the following lemma proved in [FMPlj . 

Lemma 2.12 Let /: d(D 3 ) — > M be a smooth map such that Rank(!D l ,/) < 
1, for each 

v € d(D 3 ). Here D 3 = [0,1] 3 . Suppose that f is constant in a neighbourhood 
of each vertex of d(D 3 ). In addition, suppose also that in a neighbourhood 
I x [—e, e] of each edge I of d(D 3 ), f(x, t) = 4>(x), where (x, t) E I x [— e, e] and 
4>: I — > M is smooth. Then f can be extended to a smooth map F : D 3 AI 
such that Rank(D !i ,i ? ) < 2, for each w G D 3 . Moreover we can choose F so 
that it has a product structure close to the boundary of D . 

Remark 2.13 This basically says that any smooth map f: S 2 — > M for which 
the rank of the derivative is less than or equal to 1, for each point in S 2 , can be 
extended to all of the unit 3-ball, in such a way that the rank of the derivative 
of the resulting map at each point is less than or equal to 2. 

Analogously the horizontal composition of 2-paths descends to §2 (M) . These 
compositions arc obviously associative, and admit units and inverses. Note that 
the interchange law is also verified. 

Finally, a 2-track [r] is thin if it admits a representative which is a thin 
map, in other words for which Rank(I) K r) < 1, for each x <E [0, l] 2 . Lemma 
12.121 implies that if a,b,c,d: [0, 1] — > M are 1-paths with [ab] = [cd] then there 
exists a unique 2-track [r] for which d d ([T]) = [a], d r ([T]) = [b], di{[T}) = [c] 
and d u ([T}) - [d]. 

Therefore the following theorem holds: 

Theorem 2.14 Let M be a smooth manifold. The horizontal and vertical com- 
positions in §2{M) together with the boundary maps d u ,dd,di,d r : §2(M) — > 
§i(M) define a double groupoid S^M) , called the thin homotopy double groupoid 
of M , whose set of objects is given by all points of M , set of 1-morphisms by the 
set $i(M) of 1-tracks on M , and set of 2-morphisms by all 2-tracks in § 2 (A/). 
In addition, §2(M) admits a thin structure given by: a 2-track is thin if it 
admits a representative whose derivative has rank less than or equal to 1 (in 
other words if it is thin as a smooth map). 

Remark 2.15 Another possible argument to prove that the compositions of 2- 
tracks are well defined is to adapt the arguments in \BH1[ \BHSl \BH2[ \BH3l 
BHKPlj. which lead to the construction of the fundamental double groupoid of 
a triple of spaces and of a Hausdorff space ( and can be continued to define the 
homotopy uj-groupoid of a filtered space). The same technique therefore leads to 
the construction of the fundamental uj-groupoid of a smooth manifold. Details 
will appear elsewhere. 



14 



This construction should be compared with |HKK[ IBHKPj , where the thin 
strict 2-groupoid of a Hausdorff space was defined, using a different notion of 
thin equivalence (factoring through a graph) . For analogous non-strict construc- 
tions see P IBSTIIMP] . 

2.4 Connections and categorical connections in principal 
fibre bundles 

To approach non-abelian integral calculus based on a crossed module, it is con- 
venient (since the proofs are slightly easier) to consider categorical connections 
in principal fibre bundles. For details of this approach see |FMPlj . For a treat- 
ment of non-abelian integral calculus based on a crossed module, using forms 
on the base space of the principal bundle, see [SWIl ISW21 ISW3l IFMP2] . 

2.4.1 Differential crossed module valued forms 

Let M be a smooth manifold with its Lie algebra of vector fields denoted by 
X(M). Consider also a differential crossed module 25 = (d: e — > £),>). In partic- 
ular the map (X, e)6gxe^l>e£cis bilinear. 

Let a £ A n (M,g) and b £ A m (M, e) be g- and e- valued (respectively) differ- 
ential forms on M. We define a (g^ b as being the e- valued covariant tensor field 
on M such that 

(aS^XAi, ...,A n ,B 1} ... B m ) = a{A u . . . , A n )t>b{B 1} . . . , B m );A l: B j £ X(M). 

We also define an alternating tensor field a A t> b £ A n+m (M, e), being given by 

a A& b = (n + my. ^ 
mm) 

Here Alt denotes the natural projection from the vector space of e-valued co- 
variant tensor fields on M onto the vector space of e-valued differential forms 
on M. For example, if a 6 A 1 (M, g) and b 6 A 2 (M, e), then a A t> b satisfies: 

(a A 1 * b)(X, Y, Z) = a(X) > b{Y, Z) + a(Y) t> b(Z, X) + a(Z) > b(X, Y), (2.6) 

where X,Y,Z £ X(M). 

2.4.2 Categorical connections in principal fibre bundles 

In |FMPlj we defined categorical connections in terms of differential forms on 
the total space of a principal fibre bundle. Let M be a smooth manifold and 
G a Lie group with Lie algebra g. Let also ir: P — > M be a smooth principal 
G-bundle over M. Denote the fibre at each point x £ M as P x = 7r _1 (a;). 

Definition 2.16 Let Q = (d : E — > G, >) be a Lie crossed module, where > is a 
Lie group left action of G on E by automorphisms. Let also & = (d: e — > g,>) 
be the associated differential crossed module. A Q -categorical connection on P 
is a pair (u,m), where ui is a connection 1-form on P, i.e. u) £ A 1 (P, g) is a 
1-form on P with values in g such that: 



15 



• Rg{co) = g wg, for each jeG, (i.e. lo is G-equivariant) 

• lo(A*) = A, for each A G g; 

where A# denotes the vertical vector field associated to A coming from the G- 
action on P, and m G A 2 (P,c) is a 2-form on P with values in c, the Lie 
algebra of E, such that: 

• m is G-equivariant, in the sense that R*(m) = g^ 1 > m for each g G G. 

• m is horizontal, in other words: 

m(X, Y) = m(X H , Y H ), for each X, Y G X(P). 

In particular m(X u ,Y u ) — if either of the vectors X Ul Y u G T U P is 
vertical, where u G P. Here the map X G X(P) i— > X H G X(P) denotes 
the horizontal projection of vector fields on P with respect to the connection 
1-form lo. 

Finally (lo, m) satisfies the "vanishing of the fake curvature condition" \BS1[ 
[Pgl [PrMe] /: 

d(m) = n, (2.7) 
where O = doo + hco A ad lo G A 2 (P,q) is the curvature 2-form of lo. 

2.4.3 The categorical curvature 3-form of a t/-categorical connection 

Let P be a principal G-bmidle over M . Let lo G ^l 1 (P, fl) be a connection 1-form 
on P. Given an n-form a on P, the exterior covariant derivative of a is given by 

Da = dao (H x H ... x H). 

Let fi G A 2 (P,q) be the (G-equivariant) curvature 2-form of the connection 
lo. It can be defined as the exterior covariant derivative Dlo of the connection 
1-form lo and also by the Cartan structure equation VL = dui + \lo A ad lo. It is 
therefore natural to define: 

Definition 2.17 (Categorical curvature) Let Q = (d : E — s- G,\>) be a crossed 
module of Lie groups, and let P — > M be a smooth principal G-bundle. The cat- 
egorical curvature 3-form or 2- curvature 3-form of a Q -categorical connection 
(lo, m) on P is defined as M = Dm, where the exterior covariant derivative D 
is taken with respect to lo. 

The following equation is an analogue of Cartan's structure equation. 

Proposition 2.18 (Categorical structure equation) We have: M = dm+LoA^ 
m. In particular the 2-curvature 3-form M is G-equivariant, in other words: 
R*(M) = g- 1 > M, for each g G G. 

This categorical structure equation follows directly from the following natural 
lemma, easy to prove; see |FMPlj : 
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Lemma 2.19 Let a be a G-equivariant horizontal n-form in P. Then Da = 
da + u A^ a. 

Recall that the usual Bianchi identity can be written as Dil = 0, which is 
the same as saying that dfl + u A ad = 0. 

Corollary 2.20 The 2-curvature 3-form of a categorical connection is t-valued, 
where t is the Lie algebra of K = ker(d). 

Proof. We have <9(M) = d(dm + u A* m) = dfl + oj A ad Q = 0, by the Bianchi 
identity. ■ 

The 2-curvature 3-form of a categorical connection satisfies the following. 

Proposition 2.21 (2-Bianchi identity) Let M € A 3 (P, e) be the 2-curvature 
3-form of (u),m). Then the exterior covariant derivative DM of M vanishes, 
which by Lemma \2.19\ is the same as: dJA + lu A 1 ' M = 0. 

2.4.4 Local form 

Let P — > M be a principal G-bundle with a categorical connection (w,m). 
Let {Ui} be an open cover of M, with local sections <x; : Ui — > P of P. The 
local form of (w,m) is given by the forms (u>i,rrii), where u>i = o~*{uj) and 
nii = a*(m), and we have d(mi) = dujj + A ad uoi = Qj = and also 

ujj = g^uJigij + g~^dgij and nij ~ > mj. Here aigij = crj. Conversely, 
given forms {(ui,uii)} satisfying these conditions then there exists a unique 
categorical connection [uj, m) in P whose local form (with respect to the given 
sections at) is (uJi,uii). 

Note that locally the 2-curvature 3-form of a categorical connection reads 
Mi = drrii + Ui A^ mi, with Mj = g~^ > M^ and the 2-Bianchi identity is 
dM t + Ui A 1 " Mi = 0. 

2.5 Holonomy and categorical holonomy in a principal fi- 
bre bundle 

Let P be a principal G-bundle over the manifold M. Let u 6 A 1 (P,q) be a 
connection on P. Recall that u determines a parallel transport along smooth 
curves. Specifically, given x € M and a smooth curve 7: [0,1] — > M, with 
7(0) = x, then there exists a smooth map: 



(t,u) € [0,1] x P x ^ HUl,t,u) E P, 



uniquely defined by the conditions: 




where ~ denotes the horizontal lift, 



; for each t 6 [0,1], for each u e P a 



2. H^d, 0, u) = u; for each u 6 P a 
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In particular this implies that 74(7, given byu^ % u { / y,t,u), maps P x bi- 
jectively into P 7 (t), for any t £ [0, 1]. We will also use the notation 74(7) l,u) = 
u-f. Therefore if 7 and 7' are such that 7(1) = 7'(0) we have: (1*7)7' — u (77')- 
Recall that the parallel transport is G-cqui variant, in other words: 

74(7i t, ug) = 74(7) t, u)g, for each g £ G, for each u £ P x . 
2.5.1 A form of the Ambrose-Singer Theorem 

Let M be a smooth manifold. Let D n = [0,1]™ be the n-cube, where n £ N. 
A map / : D n —> M is said to be smooth if its partial derivatives of any order 
exist and are continuous as maps D n —> M. 

The well known relation between curvature and parallel transport can be 
summarised in the following lemma, proved for instance in |FMP1[ ISW2j . 

Lemma 2.22 Let G be a Lie group with Lie algebra q. Let P be a smooth 
principal G-bundle over the manifold M. Consider a smooth map T : [0,1] 2 — > 
M . For each s,t £ [0, 1], define the curves j s , 7* : [0, 1] — > M as j s {t) = 7*(s) = 
T(t,s). Consider a connection uj £ A (P, q). Choose u £ P 7 o( ), and let u s = 
74(7°, s, u), and analogously u* = 74(70) i, u) where s, t £ [0, 1]. The following 
holds for each s,t £ [0, 1]: 



w (j^M7 s , *,«.)) = J Q n [^nS'\§- s ls{t')\ dt', (2.8) 

\ ' W„(7 s ,f ,u B ) 

and by reversing the roles of s and t we also have: 

W (j^(7*,-,«*)) =-/ S 4^W,| 7 7,w) ds>. (2.9) 



Continuing the notation of the previous lemma, define the elements 9t{u, t, s) 
by the rule: 

. . UJ 

74(7 , s, u )9r(u, t, s) = 74(7s> u s ). 

Therefore 

UJ 

u9r(u,t, s) = 74; (7, 1, u) 

where 7 is the curve 7 = dT', starting in T(0, 0) and oriented clockwise, and V 
is the truncation of T such that T'(t', s') = T(t't, s's), for < s\ t' < 1. 
By using the fact that J^74(7s, Ws) is horizontal it follows that: 

d_ 

dt 



(74(7 4 ,sy)3r(u,M) ) J =0 



Thus, by using the Leibniz rule together with the fact that a; is a connection 
1-form, 



(9r(u, t, s))-^ ( — 74( 7 *, s > ut ) J 9r(u, t, s) + {9 r (u, t, s))" 1 — g r ( w , t, s) 



0. 
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Therefore: 



Analogously we have (since ^^^(7*, s, u*) is horizontal): 

ft 



(2.10) 



9" w rid d \ 

—g r (u,t,s)=9r(u,t,s) nl— 7s (t>),—'y a (t>)\ dt>. (2.11) 

2.5.2 Categorical holonomy in a principal fibre bundle 

Let P be a principal fibre bundle with a ^-categorical connection (w,m). Here 

^ = (E —> G, >) is a Lie crossed module, where > is a Lie group left action 
of G on E by automorphisms. Let also 25 = (d: e — > g, >) be the associated 
differential crossed module. 

As before, for each smooth map L: [0, l] 2 — > M, let 7 s (t) = J f (s) = T(t, s). 
Let a = L(0,0). Let also u £ P , u s = H(j°,s,u) and it* = ^(70, t, u). Define 

the function e'r : P a x [0, l] 2 -> £ as being the solution of the differential 
equation: 



d{u,m). (w,m). /"* / 9 9 \ 

— e r (u,i,s)= e r (u,-,sj / m I ^7s(* ), ^Ts(* ) I at, 

\ / H^(^ 3 .t' ,u 3 ) 

(2.12) 

with initial condition er (u, t, 0) = 1e, for each i £ [0,1]. Let er (u) = 

(w,m) _____ _____ 

er (it, 1, 1). Compare with equations (|2.10p and (|2.11j) . The apparently non- 
symmetric way the horizontal and vertical directions are treated will be dealt 
with later. 

Given a smooth map L: [0, l] 2 — > M, define: 

<*r=7o, -Vr = 7\ Z r = 7° and W r = 7i- 

Theorem 2.23 (Non-Abelian Green's Theorem, bundle form) For any 

u G P a we have: 

HUXryr,l,u)d( iuJ er } (it)) = H u (Z r W r ,l,u), 
or, in the other notation of section \2.5\ 



uX T y r d[ (U) er ] (u) ) = uZ r W r 
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Proof. Let k x = Hud 1 , x, u 1 ) and l x = Hu{lxA,u x ). Let x >-> g x £ G be 
denned as k x g x = l x . We have, since {-^k x )g x is horizontal: 

On the other hand: 



■H„(7 x ,t,M a: ) 



Therefore 



^=*Sl*{h'®>h'v) dL (2 - 13) 

This is a differential equation satisfied also by i 4 9( e'r (w, a;, 1)), by the 
vanishing of the fake curvature condition d(m) = Q, and both have the same 
initial conditions. ■ 

Note that it follows from the Non-Abelian Green's Theorem that: 

H w (7 t ,s,M t )5( (W e™ ) (u,t,s)) =?C(7», *>«»). for each t,sG [0,1]. (2.14) 



Lemma 2.24 (Vertical multiplication) We have: 

ero v r' (w) = er (u) ev \uZ T ). 

Here T, V : [0, l] 2 — s- M are smooth maps such that d u (T) = dd(T') and moreover 
ro v r' is smooth. 

Proof. Obvious from the definition. ■ 
Lemma 2.25 (Vertical inversion) We have: 

(u,m) (w,m) 

e r (it) e r -v (uZ r ) = 1e- 
Here T _v denotes the obvious vertical reversion ofT: [0, l] 2 — > M. 
Proof. Obvious from the definition. ■ 
Lemma 2.26 (Horizontal multiplication) We have: 

(to,m) (w,m) (",m) , . 

e$o h * (w) = (u^tcj)) e$ (it). 

.Here "J': [0, l] 2 — > M are smooth maps such that d r ($>) = di^) and moreover 
$o h <I< is smooth. 
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Proof. Let T = $o h *. As before put <j> s (t) = </>*(s) = $(<, s) and ip a (t) 
ip*(s) = %(t, s). We have: 

d ( (w,m) , s(w,m) , , 

— I (uA:$,l,s) e$ (it, l,s) 

(u,m) (cj,m) / /* / & 

= (uA$,l,s) e$ (it,l,s) / m — <f> s [t),— <p s [t) ] dt 



<9i ' ds 



H u (tt>s,t,u s ) 



o 



Mw(Vs,t,(u*&) s ) 



= Q + ^. 

Here (uA$) s = 11^(2^, s, uX$,). Let us analyse each term separately. We have: 



(">>»") \(w,m) n//" 2 I 3 9 .\ 

where 7 s (t) = $o h \I/(i, s). On the other hand: 

W = (uX<f>,l,s) e$ (u, 1, s) 

9( ( e , r ) (tt, 1, s))- 1 > [ Cm (§j.Mt),^Mt)) 

(2.15) 

and therefore 

(uj,m) (w.m) 

W — (uA$,l,s) e$ (u, l,s) 

m[ ^j 8 {t),^- s i> s {t) ) 



H„(i/> s ,t,(«^#)a8( t %'r ) («,l,s))) 



(u,m) (o;,m) 

v / r d . , s d 
at*'®'** 







(/: 


m | 












771 | 











dt 



Therefore both sides of the equation of the lemma satisfy the same differential 
equation, and they have the same initial condition. ■ 
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Lemma 2.27 (Horizontal inversion) We have: 

(cj,m) (u,m) 

e r -h [uXr) e r (u) = l E , 
where T~ h denotes the obvious horizontal reversion ofT: [0, l] 2 — > M. 
Proof. Analogous to the proof of the previous result. ■ 
Lemma 2.28 (Gauge transformations) We have: 

er (ug) = g > er (u). 
Proof. Analogous to the proof of the previous result. ■ 

2.5.3 The Non-Abelian Fubini's Theorem 

We continue with the notation of 12.5.21 Again let V : [0, l] 2 — > M be a smooth 
map, a = r(0,0) and u £ P a . Define /r {u,t, s) by the differential equation: 

- / r (u,t,s)=f r (u,t,s) m f —^J, --yt^) ds', 

V / -H„( 7 t.s'.« t ) 

(2.16) 

with initial condition fr (u,0,s) = 1e, for each s 6 [0,1]. Note that the 

(w ' m) . . ... K"0 

differential equation for fp is obtained from the differential equation for er , 

(w,m) (w,m) 

equation ()2.12|) . by reversing the roles of s and t. Let /r (u, 1, 1) = /r (u). 
The following holds. 

Theorem 2.29 (Non-abelian Fubini's Theorem, bundle form) 

er (u) f r (u) = 1. 
Proof. In fact we show for every t, s £ [0, 1]: 

e r >,M) f r (u,t,s) = l. (2.17) 

(uj.m) 

In the following put er (u, t, s) = e(i, s). Let be the canonical left invariant 
1-form in E (the Maurer-Cartan 1-form); see 12.6.11 Taking the t derivative of 
(|2.12|) . we obtain: 



d ( d \ d d 



«„(7 t ,i,u t ) 
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By (|2.14p and the G-equivariance of i 



a(e(M))>^(^e(M; 



We also have: 







Oh 



-ld(e(t,s))»6\-e(t,s) 







dt 



d(e(t,a))> 



-At, a] 



d(e(t,s))»-6l-e(t,s) 



m \h s{t) >h s{t) 



\>0 

d_ 

dt 



d 



dt 

e{t,s) 



e(t,s) 



OS 



d(e(t,s))> 



e(t,s] 



dt 



e(t,i 



The second equation follows from the definition of a differential crossed module, 
and the third from the fact d8(X, Y) = — [X, Y] for each X, Y £ e. Combining 

(cj,m) 

the two equations and integrating in s, with er [u, t, 0) = 1^, we obtain: 



d («,m) 

— e r (u,t,sj 




9 9 

At), q^i At) 



, , , 

as er (u,t,s), 



with initial condition e'r (u, 0, s) = 1^;, (set < = in (|2 . 1 2[) ^ . from which (|2.17p 
follows as an immediate consequence. ■ Note that by using the Non-Abelian 
Fubini's Theorem, lemmas 12.261 and 12.271 follow directly from lemmas 12.241 and 
I2~25l 

From the Non-Abelian Fubini's Theorem and 12.5.21 it follows that the two- 
dimensional holonomy of a categorical connection is covariant with respect to 
the action of the dihedral group D4 = Z| x Z2 of symmetries of the square; see 

MM 



2.6 Dependence of the categorical holonomy on a smooth 
family of squares 

In this subsection we prove a fundamental result giving the variation of the 2- 
holonomy of a smooth family of 2-paths in terms of the 2-curvature, analogous 
to equation (|2.13[) for the variation of the 1-holonomy of a smooth family of 
1-paths in terms of the curvature. Let P — > M be a principal G-bundlc 
over the smooth manifold M with a CJ-catcgorical connection (w,m). Here 

Q = {E G, >) is a Lie crossed module, where o is a Lie group left action of 
G on E by automorphisms. Let & = (d: e — > g, >) be the associated differential 
crossed module. 
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Consider a smooth map J: [0, l] 3 — > M. Put J(t,s,x) = T x (t,s) 7 where 
x,t 7 s £ [0,1]. Define q(x) = J(0, 0,x), for each x £ [0,1]. Choose u £ Pq(o) 
and let u(x) = 7iuj(q 7 x 7 u). We want to analyse the dependence on x of the 

categorical holonomy ^er* (u(x),t, s), see equation (|2.12[) . To this end, we now 
prove the following well known technical lemma, also appearing in |FMPlj . 



2.6.1 A well-known lemma 



Let G be a Lie group. Consider a g-vamcd smooth function V(s,x) defined on 
[0, l] 2 . Consider the following differential equation in G: 



ds 



a(s,x) = a(s , x)V (s , x) , 



with initial condition a(0,x) = 1g, for each a; £ [0,1]. We want to know 

Let 9 be the canonical g-valued 1-form on G. Thus 9 is left invariant and 
satisfies 9(A) = A, for each A £ g, being defined uniquely by these properties. 
Also d9(A, B) = -9([A, B]), where A,Beg. We have: 











dx \ds 
On the other hand: 



a(s, x) 



"(a(s,x)V(s,x)) = -^V{s,x). 



d 



dx V ds 







a(s, x) ) = da* (9) 



dx 



d_ d_ 

dx ' ds 



d, 



-a* (9) 



= d9 



Therefore 
d 



a(s,x) + 



d_ 

dx 



d 



d 



ds 



d 



d_ 

dx 

d J d 



-a*(9) 



d_ d_ 

dx : ds 



a(s,x), —a(s,x) I +-^-9 I — a(s,x) 



ds \ dx 



d 



(«', x), — a(s', x) ) +g^V(s', x))ds' = 9 ( — a(0, x) 



dx 



^dx ds 

Since ^a(0, x) = (due to the initial conditions) we have the following: 
Lemma 2.30 

d f s ( ( d d \ d \ 

—a(s,x) = a(s,x) J y-al) y—a(s ,x), —a(s ,x) j +—V(s ,x) J ds , 

for each x, s £ [0, 1]. 



2.6.2 The relation between 2-curvature and categorical holonomy 

The following main theorem is more general than the analogous result in |FMP11 
ISW2j since it is valid for any smooth homotopy J connecting two 2-paths T and 
P', and in particular the basepoints of the 2-paths may vary with the parameter 
x. For this reason the proof is considerably longer, forcing several integrations 
by parts. 
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Theorem 2.31 Let M be a smooth manifold. Let Q = (d: E — s> G, >) be a Lie 
crossed module. Let P — > M be a principal G-bundle over M . Consider a Q- 
categorical connection (u,m) on P. Let J: [0, l] 3 — > M be a smooth map. Let 
J(t,s,x) = T x (t,s) = -f x {t) = 7 a: ' t (s); for each t,s,x E [0,1]. Define q(x) = 
r a: (0, 0). Choose u E P q {o), the fibre of P at q(0). Let u(x) = H u (q, x, u) and 
u(x, s) = Hu^' , s, u(x)), where s,x E [0, 1] . 

Consider the map (s, x) E [0, l] 2 t->- er* (s) E E defined by: 



§S eT * {s) = er * {s) J m (l 7?W ' §s^ {t) ) 



dt, (2.18) 

(7^,t,u(a:,s)) 



dn, 



with initial condition: 

e r *(0) = 1 E , for each x 6 [0,1], (2.19) 
Let er* = er*(l). For each x E [0, 1], we have: 

l er * = er * f J! M I 7 ? ^ 

+ e r - y m ( ^7 x ( n )> J~^ X ( n ) ) 

where "f x = dT x , starting at r x (0, 0) and oriented clockwise. Here M £ .A 3 (P, e) 
is t/ie categorical curvature 3-form of (a;,m); see \2.4-3\ 

Proof. Consider the smooth map / : [0, l] 3 — ► P such that f(x, s, t) = Hu^f ,t,u(x, 
for each x,s,t E [0, 1]. By definition we have: 

5 d 

at at h u (i; ,t,u(x,s)) 

and therefore u)(^f(x, s, t)) = 0. We also have: 



and 



f(x,s,t)\ =^- 7 f(*) , 



9 A* d 



—f(x,s,t)) = —"f x (t) 



Note also that m(X, Y), Ct{X, Y) and M(X, Y, Z) vanish if either X, Y or Z is 
vertical. 
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By the 2-structure equation, see Proposition 12.181 and equation (|2.6[) it 
follows that (since M is horizontal): 



1 r i 



o jo 



10 Jo 

fl pi 



M I £ 7?(<) ' ^ 7?w ' i 1 * {t) ) dtds 

\ " / ■H 0J (~/*,t,u(x,s)) 

( d d d \ 

( d d d \ 

/ d \ / d d 

W V £>x^ X,S,t ^ ) >m \dt^ X,S,t ^ £)s^ X,S,t ^ ' dtds 

1 rl / d \ ( d d 

-^~f( x , s,t))>m[ ^-f(x, s, t), Trf(x, s, t) ) dtds. 



10 JO 



ds J \dt ' ' ' dx 



Using Lemma 12.221 and integration by parts, we rewrite the integral in the last 
term: 

/ u (JL^ X ' s ' 7 > m {jh^ X) s ' ^' ltc^ Xl s ' ^) dt 



or 



Using equation (|2.2p . we have for the final term: 



lo f V(^f(^%lf(^ 

+ fo lo^ 0) ' ^ /(2; ' 0) ) ^ > m *' ^ <} ) ^ 

/ u \b~x^ x ' S} *v > m ( J^^' s ' ^' Js - ^' s ' *7 d * 
+ / w (irf( x > s ' °)1 > m s ' ~^~f( x ' s > t)) dt. 



dx J \dt ds 
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where we have used Lemma 12.221 twice. Combining the previous equations, 
yields 

1 rl ( d d d \ 

M [^s(t),g- t ^(t),- sl -(t)\ dtd S 

1 rl ( d d d \ 

dm \ dx^ X ' S ' ^' di^ X ' S ' ds^ X ' S ' ^ j dtds 

-J J Q n (Jpffa s > 0. ^/(». s , f)) dt'>j m (Jpf(x, s, 0, ^/(x, a, 0) dt'da 
w (-^-f(x,8,0)) >m (^-f(x,s,t),^-f(x,s,t)] dtds. (2.20) 



Jo 



c?a; J \dt ds 



For the second term on the right hand side in the theorem, we obtain: 



m 



3s /(x,s,0),— /(x,s,0)J ds + J ml -f(x,l,t),— f(x,l,t)jdt 

-p- 1 >( jf m (^/'(x, fl) 1), |-/'(x, s, 1)) ds-^ m 0, t), 0, t)) dt) , 

(2.21) 

where we have put g(x, s) = <9(er* (s)) and /'(x, s, t) = "H u ( , y x ' t , s, T-L u {^q , i, w(x))); 
also g = g(x, 1). Therefore /(x, s, 1) = /'(x, s, l)9(er*(s)) by the Non-Abclian 
Green's Theorem. Note that f'(x,0,t) = /(x,0,i). We will be using the func- 
tion /' again shortly. 

vethat c^ 1 d 

sides of flUOl and (|2~2"Tj) . 
By Lemma T2. 301 we have 

d 



Thus it remains to prove that e rx ^er* is equal to the sum of the right hand 



where 



1 r l 



-er- =e v *{A x -B x ), (2.22) 



5 d 



<9x I \ dt s 9s 



Let us analyse and -B^ separately. Using the well known equation: 

da(X, Y, Z) = Xa(Y, Z)+Ya(Z, X)+Za(X, Y)+a(X, [Y, Z])+a(Y, [Z, X])+a(Z, [X, Y]), 
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valid for any smooth 2-form a in a manifold, and any three vector fields X, Y, Z 
in M, we obtain for A x : 

f 1 f 1 d ( d d \ 

Ax= J J ^^-f(x,s,t),-f(x,s,t))dtds 

1 rl ( d d d \ 

dm I —f(x, s, t), —f(x, s, t), —/(a;, s, t) dtds 



o Jo 



n dx dt ds ' 

1 d ( d d \ d ( d d 

—to —f(x, s, t), a-f(x, s,t))+ —to — f(x, s, t), —f{x, s, t) ) dtds 



o dt \ds ' dx J ds \dx ' dt 



or 



Ax = L L dm (i f ^ ,s,t ^di f( - x,s,t ^§^ f ^ ,s,t ^) dtds (2 - 23) 

+ J m(J- s f(x,s,0),^f(x,s,0))ds + J m(^f(x,l,t),-^f(x,l,t)jdt 

-J m(^f(x,0,t),^-f(x,Q,t^jdt- J m(j^f(x,8,l),^f(x,8,l)\d8. 

Recall that g(x, s) = 9(er* (s)) and f'(x, s, t) = Ti^ (7*'*, s, %u{lo , t, u(x))), and 
the relation f(x, s, 1) = f'(x, s, l)9(er* (s)). We thus have: 

=u(J- s (f(x,s,l)g- 1 (x,s)) 

which since -§^f'{x, s, 1) is horizontal implies, by using the Leibniz rule and the 
fact that a; is a connection 1-form, that: 

f d \ d 

g(x, s)uj f Q^f(x, s, 1) J g~ 1 (x, s) + g(x, s)—g~(x, s) = 0. 

Analogously (this will be used later): 

flr _1 (a;,s)a; (U^i*' 1 , s, u(a:)7o))) g(x,s) 

= -g- 1 {x,s)^g(x,s)+u(J^(u(x,s)j*)) , 

which is the same as: 

t^9(x, s) = g(x, a)u f^/O, s > 1) J - w (^/'( x > s ' sfo s )- 
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The very last term R of (|2.23p can be simplified as follows (since m is horizontal 
and G-equivariant): 



R 



d d \ 

1 / Q Q 

g^ix, s) >m I Trf'(x, s, 1), -^-f'(x, s, 1) ) ds 



ds ' 



dx' 



[ ^-f'(x, S ,l),^-f'{x, S ,l) 







o Jo ds" 



TpS 1 (x,s)>ml jr-;f'{x, s' , 1), ^-f'(x, s' , 1) ) ds'ds; 



ds 



dx' 



(the penultimate equation follows from integrating by parts). Therefore: 
R= -g- 1 (x,l)> [ m (^-f'(x,s,l), -^f'(x,s,l)\ ds 



JO 



d 



d 



1) ) g 1 (x,s)>m ( — f'(x, s' , 1), — f(x, s' , 1) ) ds'ds 



ds 



dx' 



(2.24) 



We now analyse B x , for each x G [0, 1]. We have: 

d , , , d 



B x = d6 



(efj (s)^e r - (s) , efTj (s)— e r * (s) 
e r i ( s ) J~ e r* ( s ) . e r- ( s ) J~ erx ( s ) 

+ ^ _1 (;r,s)a; ^/'(x,s,l)^ £/(x,s)^ > ^ m (J^f(x,s,t),-^f{x,s,t)j dt. 
By using Lemma 12.221 this may be rewritten as B x = C x + C' x , where 



9s' 



7 /(x, s', 0), —/(a:, ) ds'> / m ( —/(a, a, f), —/(a;, s, t) ) dt 



at- 



ds' 
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and 



C' x = (g-\x, a) QT n (Jjf'{x, b\ 1), ^f'(x, s', 1)) ds'^j g(x, s)j > 

+ (g'Hx, s) (J n (J^fix, o, t), £-f( x , o, t) 



dt g(x, s) > 



Again using d(m) = 51 and d(u)>V = [u, v] = —[v, u] — —d(v)>u; for each u, v € 
e, together with d(m) = f2 and Lemma \2. 221 for all but the second term of the 
right hand side of the previous equation, we obtain: 

B x = 

( d \ ( d d \ 



1 /.S 



./0 



9 9 



— f(x, s, 1) ff- 1 ^, a) > ml jnfix, s', 1), — f'(x, s', 1) ds'ds 



as / \os' ox 

]^f( x > s ' 9^{x, s)>m (J^.f( x , 0, t), 

(2.25) 

Finally, since (given that a; is a connection 1-form): 



= -g~ X {x,s)u ( /(x,s, 1)— 5 _1 (a;,s) 
d -it ^ 



the last term i?' of the previous expression is rewritten as follows: 

f(x, s, 1)) g- l {x, s)>m 0, t), -^f(x, 0, t)j dsdt 



UJ 

io JO 



9s" 



10 Jo 



—g 1 (x,s)>m \—f(x,Q,t),—f(x,Q,t) ) dsdt, 
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or 

B! = 9~\x)>J m (jfiffa 0, t), ^f(x, 0, t)) dt- J m (jfif(x, 0, t), ^f(x, 0, t) 

(2.26) 

where we have put g(x) = g(x 1 1). Combining A x — B x from equations (12 . 23[) . 
(|2.24p . (|2.25[) . (|2.26[) . four terms cancel and the remaining terms are equal to 
the sum of the right hand sides of (|2.20[) and (|2.21l) . This finishes the proof of 
Theorem H3U ■ 



2.6.3 Invariance under thin homotopy 

From Theorem 12 . 3 1 1 and the fact that the horizontal lift X n- X of vector fields 
on M defines a linear map X(M) — >• X(P) we obtain the following: 

Corollary 2.32 Let M be a smooth manifold. Let also Q = (d: E — > G,t>) be a 
Lie crossed module. Let P — s> M be a principal G-bundle over M , and consider 
a Q-categorical connection (uj,m) on P. If T and V are rank-2 homotopic 

(see Definition \ 2.11)) 2-paths [0, l] 2 — > M then e'r (u,t,s) =~er' (u,t,s), 
whenever u G Pr(oo)j ^ e fibre of P at r(0,0) = r'(0,0), and for each t,s € 
[0,1]. 



2.6.4 A (dihedral) double groupoid map 

Let P be a principal G bundle over M. We define a double groupoid T) 2 (P) 
whose set of objects is M, and whose set of morphisms x — > y is given by all 
right G-equivariant maps a: P x — > P y . A 2-morphism is given by a square of 
the form: 



Pz - 


d ) p 


■] 


> V 


p x - 





where x,y, z,w G M and a, b, c, d are right G-equivariant maps. Finally f'P x ~^ 
E is a smooth map such that f(ug) = g^ 1 > f(u) for each u € P x and g 6 G, 
satisfying (b o a)(u)d(f (u)) = (do c)(u), for each w € P^. The horizontal and 
vertical compositions are as in 12.5.21 We also have an action of the dihedral 
group D4 = Z 2 , x Z2 of the 2-cube given by the horizontal and vertical reversions, 
and such that the interchange of coordinates is accomplished by the move / 1— > 
f~ l . As a corollary of the discussion in the last two subsections it follows: 

Theorem 2.33 Whenever the principal G-bundle P — > M is equipped with a 
categorical connection (ui,m), the holonomy and categorical holonomy maps TL^ 

(ui,m) (w.m) 

and e define a double groupoid morphism % : §2\AI) — > T> (P), where 
S%(M) is the thin fundamental double groupoid of M . Given a dihedral group 
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element r G D4 we have 



(w,m) / (w,m) \ 

H (ror- 1 ) = rl H (T)J . 

3 Cubical C/-2-bundles with connection 

3.1 Definition of a cubical G-2-bundle 

Recall the conventions introduced in 12.1.11 and 12.2.21 

Let M be a smooth manifold. Let XL = {Ui}i<=j be an open cover of M. 
From this we can define a cubical set C(M, XL). For each positive integer n the 
set C n (M, XL) of n-cubcs of C(M, XL) is given by all pairs (x,R), where R is an 
assignment of an element U R G U to each vertex of v of D n , such that the 
intersection 

u*= n u ? 

vertices v of D n 

is non-empty, and x G U R . The face maps df : C n (M, XL) -> G"" 1 (M, U) where 
i G {1, . . . , n} and n = 1, 2, . . ., arc defined by 

df(x,R) = {x,Ro8f). 

Analogously, the degeneracies are given by: 

ei{x,R) = (x,Roai). 

The cubical set C(M, XL) is clearly a cubical object in the category of man- 
ifolds, in other words a cubical manifold. Given an x G M, the cubical set 
C(M, XL, x) is given by all the cubes of G(M, XL) whose associated element of M 
is x. 

Definition 3.1 (Cubical ^-2-bundle) Let Q = (d: E — !> G, >) be a Lie crossed 
module. Let N(£/) be the cubical nerve of Q; see WHSf and \2.2M. which is a cu- 
bical manifold. Let M be a smooth manifold and XL = {Uf\i^ be an open cover 
of M . A cubical Q-2-bundle over (M,XL) is given by a map C(M,XL) — > N(G) of 
cubical manifolds. 

Unpacking this definition, we see that a cubical Q-2-bundle is specified by 
smooth maps <pij : UiPiUj — > G, where Ui, Uj G XL have a non-empty intersection, 
and also by smooth maps ipijki '■ Ui (~l Uj fl Uk n U\ — > E, where Ui, Uj, Uk, Ui G XL 
have a non-empty intersection, such that: 

1. We have d(ip l jki)~ 1 4'ij(t)ji = 4>ik4>ki in Uijkl = Ui n Uj n Uk CiUi. In other 
words, putting 4> io = X^(c 2 ), (f>ik = X± (c 2 ), cj) k i = X£(c 2 ), foi = 
Xi(c 2 ) and e(c 2 ) — ipiju yields a flat Q-colouring c 2 = {^p,<f)ijkl °f D 2 > 
for each x G Uijki- 
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k- r 



k 



i 3 

i 



Figure 1: Label conventions in Definition 13.11 

2. Given z ± ,j ± ,fc ± ,Z ± € J with Ui-j-k-i- H ®> and putting 

e fi c 3) = (</'j0)* ± j ± fc±J ± j e^(c 3 ) = (ip,4>)i-k-i+k+) e i( c 3) = 

e 2~( c 3) = ('>P,<j ) )i-j-i+j+ ande4(c 3 ) = [tp,4')k-l-k+l+ 
yields a flat Q-colouring C3 of D 3 in U^- j-k-i- H £^+j+fc+z+- 
5. = 1q m C/i /or a// i G 3. 
^- V'iijj = ipijij = 1-B C^ij 
See Figure^ for our conventions in labelling the vertices of D 2 and D 3 . 

The previous definition is therefore a cubical counterpart of the simplicial defi- 
nition of a 5-2-bundle (and non-abclian gerbe) appearing for example in |BrMe[ 

ISCGII55T1IB521I5W5| . 

Remark 3.2 Note that in Definition \3.1\ the word bundle is used in the same 
sense as when one defines a principal bundle in terras of its transition functions, 
without reference to a total space; we are following \MP[ [P| /. For a discussion 
of the concept of total space of a non-abelian gerbe, see \RSl \Bari I Wof . 

Definition 3.3 (Dihedral cubical 5-2-bundles) Recall that the cubical sets 
C(M, II) and N(G) are dihedral; see \2.1.1\ Therefore we can restrict our defi- 
nition of a cubical Q-2-bundle and only allow dihedral cubical maps 0(M,11) — ¥ 
N(G) which gives the definition of a dihedral cubical Q-2-bundle. Explicitly, 
a cubical Q-2-bundle is said to be dihedral if the maps <pij\ Uij — > G and 
Tpijki ■ Uijki — > E satisfy the following extra conditions: 

1. We have 4>ji = (j)^ in Uij for all i,j G J. 

2. We have ip ik ji = ^L, ipjilk = 4>ij >V£w and tyklio = fak >4>Zli in Uijki- 
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3.2 Connections in cubical ^-2-bundles 

Let Q = (d : E — > G, >) be a Lie crossed module, where o is a Lie group left action 
of G on E by automorphisms. Let also = (d: e — 5- g, >) be the associated 
differential crossed module. 

Definition 3.4 (Connection in a cubical C?-2-bundle) Let M be a smooth 
manifold with an open cover U = {Ui}it=j. A connection in a cubical Q-2-bundle 
over (M, 11) is given by: 

• For any i G 3 a local connection pair (Ai, B{) defined in Ui; in other words 
Ai G A^U^q), Bi G A 2 (U U c) and d{B % ) = dA % + \A, A ad A, = (l Ai . 

• For any ordered pair an c-valued 1-form rjij in Uij. 
The conditions that should hold are: 

1. For any i G 3 we have r]u = 0. 

2. For any i,j G 3 we have: 

Aj = C 1 (At + dfaj)) <t>ij + ^d&j, 




3. For any i,j,k,l £ 3 we have: 

Vik + <f>ik > Tjkl - fiikfiklfiji 1 > Tfji - <t>ik<t>kl<t>Jl <j>Tj > 7 hj 

= ^Tjki d ^i]ki + {A, A" il) ijM ) ■ 

The equivalence of cubical ^-2-bundles with connection will be dealt with in 
subsection 14.31 

Definition 3.5 (Dihedral connection) If a cubical Q-2-bundle is dihedral, 
then a connection in it is said to be dihedral if the following extra condition 
holds: 

Vji = -(Pij 1 > Vij, f° r each i,j G 3; 
therefore, condition 3 of the previous definition can be written as: 



34 



4 Non-abelian integral calculus based on a crossed 
module 



4.1 Path-ordered exponential and surface-ordered expo- 
nential 



We continue with the notation and results of subsections l2.5l and l2.6l Alternative 
direct derivations of some of the following results appear in jBSll ISWll ISW21 
ISW3] . 

Let M be a manifold, and let G be a Lie group with Lie algebra g. Let 
7: [0, 1] — > M be a piecewise smooth map. Let A £ A 1 (M, g) be a g-valucd 

A 

1-form in M. We define, as is usual, the path ordered exponential 9"f(t) = 
CPexp ( Jq A (gfr7(i')) to ^ c ^ nc solution of the differential equation: 

d A A ( d 

J t 9l{t) = 9l {t)Al- l{ t) 



with initial condition 57(0) = 1 G ; see [Ch]. Put 57 = 57(1) = IPexp ( A (^7(i)) di) . 

AAA A A 

We immediately get that g 7 y = g 7 5y, and also <? 7 -i = (.9 7 ) ■ Here 7 and 7' 

are piecewise smooth maps with 7(1) = 7'(0). 

Consider the trivial bundle P = M X G over M. Given A € .A^A^g) 

there exists a unique connection 1-form lo a in the trivial bundle P for which 

A = (,*(uja), where ((x) = (x, Iq) for each x £ M. We then have that: 

C(7(*)) =« WA (7,f,C(7(0)))S>ex P Qf A Q^*')) df 

Let t/ = (5: J5 — ► G, >) be a Lie crossed module and let © = (d: e — > g, >) be 
the associated differential crossed module. As before, if we have B £ A 2 (M, e) 
with d{B) = n A = dA + \A A ad A we define 

( if (i, s) = Sexp (T jf B (jfi-YAn ^77^ (O) *'^') 

as being the solution of the differential equation: 

9 (A B) (A B) /"* (a A \ ( d d \ 

- e r (t,s)=e T (t, s) ^ (v«^(t') J * B [gp 7a (0, ^T-COJ 



with initial conditions 



( i'r (t, 0) = 1 E , for each i e [0, 1]. 



(A,B) (A,B) 

Put er = er (1,1)- We can equivalently define the surface ordered exponen- 
tial by the differential equation: 

d [A.B) ( f s [a a \ ( d .. d (A.B) . 

a* er {,s)= {L { g ^ 9 ^) >B {m lAt) >M ls ' {t) ) ds ) er (M) 
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with initial conditions 

^ e'r ^ (0, s) = 1e, for each s e [0, 1]; 

see the proof of Theorem 12.291 and below. 

As before, there exists a unique categorical connection (lua,itia,b) in the 
trivial bundle P — M x G for which A — (*(uja) and B = C{ m A.B))- We have 

that (A er } (t,s) = e^ ,s) (C(r(0, 0)),i, s), see [2331 The following follows 
immediately from the Non-Abelian Green's Theorem 12.231 

Theorem 4.1 (Non-abelian Green's Theorem, elementary form) Consider 

A A A A A A A A 

a 2-square V: [0, If -> A/. Pm£ X r =ff;t r , *r=ff;yr> ^r=5z r and Wr=9w r > see 
\2.5.2\ for this notation. We have that: 

f (A.B) \ -1 A A A A 

d( e r ) XvYt=ZtWt ■ 



The following follows from theorems 12.241 and 12.261 See 12.1.11 and subsection 



(A,B) 

Theorem 4.2 Consider the map % ■ C 2 {M) V 2 {Q) such that: 



(A,B) 
"K (T) 



> * 



{A,B) A 

er Yr 



(A,B) (A,B) (A,B) (A,B) (A,B) (A,B) 

Then <K {To^V) = <K (T)o h % (V) and <H {Vo y Y') = Jf (I> v Jf 
(r'), whenever the compositions ofY,T'\ [0, l] 2 — > M are well defined. 

Passing to the quotient S 2 (M) of C 2 (M) under thin homotopy it follows, by 
using Theorem 12.311 and Corollary 12.321 that: 

(A,B) 

Theorem 4.3 The map "K ■ S2 (M) — > V 2 (Q) defined in the previous theorem 
is a morphism of double groupoids with thin structure. 

The following result is a consequence of Theorem 12.331 

(A,B) 

Theorem 4.4 (Non-abelian Fubini's Theorem) The map 3i ■ C (M) — > 

T> 2 (Q) preserves the action of the dihedral group D4 of the square. Concretely 
for any element r of D4 we have 

(A,B) (A,B) 

■K (Tor- v )=r( <K (T)), 
for each smooth map V : [0, l] 2 — > M . 
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This follows from the fact that J£ preserves horizontal and vertical reversions 
and moreover interchanges of coordinates, which generate the dihedral group 
D4 = x ^2 of the square. 

We finish this subsection with the following important theorem: 

Theorem 4.5 Let (A,B) be a local connection pair in M, by which as usual 
we mean A £ A 1 {M,q), B £ A 2 (M, e) and d{B) = Q A = dA + \A A ad A. Let 
C = dB + AA" B be the 2-curvature 3-form of {A, B) as in \KJ^\ and \Kj4\ Let 
J : [0, l] 3 —> M be a smooth map such that J*(C) = 0. Then the colouring T of 
D 3 such that: 

4- + 

To5±= <K (dfJ), i-l,2,3 
is flat; see lHOl and WJl\ 

Proof. This follows from the construction in this subsection and Theorem l2.31l 
Note the form (|2.5[) for the homotopy addition equation (|2.4[) . ■ 



4.2 1-Gauge transformations 

Let M be a smooth manifold. Let (A, B) and (A' , B') be local connection pairs 
defined in M . For the time being we will drop the index i for the open cover 
and take A and B to be globally defined on M, We will return to the general 
case in the next section. In other words A, A 1 £ A 1 (M, g) and B, B' £ A 2 (M, e) 
are such that d{B) = VL A = dA + \A A ad A and d(B') = Q A > . Let r\ £ A 1 (M, e) 
be such that: 

A' = A + d( V ) 

and 

B' = B + drj+ -r) A ad r) + AA t> r t . 
Given a smooth path 7: [0, 1] — > M, define the following 2-square in Q: 



_(1g,»7) 



9-1 9-r 

* > * # > * 

(7) = 10J ( /;"' Jio = 1 G | <W Jl 



* * 5> * 

A 

9-y 



Here A, = A + zd(n) £ A 1 (M x I, g) and 



B n = B + zdr) + ^z 2 r/ A ad r] + zA A* n + dz A 77 £ ,/l 2 (A7 x J, e), 

where 7 = [0,1], with coordinate z. It is an easy calculation to prove that 
d(B v ) = flA n - In addition, 7x7: [0, l] 2 — > M x 7 is the map (7 x 7)(i, s) = 

( A <V) (A n .B„) 

(7(4), s), where s,rj £ [0,1]. We will see below (Remark 14. 7p that f 1 = e 7X j 
depends only on A, 7 and 77. 
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Let h : M — > G be a smooth map. It is well known (and easy to prove) that 
if A" = h^A'h + h- x dh then 



7-^,(7) = h(7(0)) 



ft( 7 (l)) 



</-, 



is a 2-square in Q. This leads us to the following: 

Definition 4.6 We say that (A",B") and (A,B) are related by the 1-gauge 
transformation (h,rj), when 



and 



A" = h-^A + d{ri))h + h~ l dh 
B" = h- 1 > (B + drj + A A > r] + ^r] A ad n). 



We also define 2-squares relating the holonomies along 7 with respect to A and 
A": 



and 



(7) 



r h Al) 



1 A 



(7) 



A" 

* 5- * 

ft(7(0))j |^(7(1)) 

* > * 



y- 



see l2~2~T1 



S-y 



h( 7 (l)) 



Z-7 



9t 



ft( 7 (0)) 



(4.1) 



(4.2) 



(A V ,B V ) {A V ,B V ) 

Remark 4.7 By the Non-Abelian Fubini's Theorem, e 7X j = e 7X / (1,1), where 
e 7X / (i, z) can be defined by either of the following differential equations: 



d (A V ,B V ) (A V ,B V ) f l A z ... ( 8 , \ . 

— e 7X/ (t,z) = - e 7X/ (t,z) J g 7 (t ) > rj \—y(t ) J dt , 



where A z = A + zd(rf) £ A 1 (M,g), or 



d (Ar,,B„) 



at 



e 7X/ (t, z) = ( -z g n (t) > 77 ( — 7(t) ) ) e 7X/ (i,z) 
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with initial conditions: 



( e 7 ' x 7 (£,0) = 1 E or e 7 ' x / (0, £) = 1 E , where £ e [0, 1], 

in the first and second case, respectively. Therefore it follows that e 7X / de- 
pends only on A, r\ and 7, thus it can be written simply as / 7 . 

There is another setting for the 2-cubes r and f introduced here, which 
will be needed when we return to considering local connection pairs {Ai,Bj) 
(Definition 13. 4p . namely 

rit iilW) (7), fit y ' w) (7) 

where 7 is a 1-path whose image is contained in Uij. We will refer to these 
2-cubes as a transition 2-cubes for the 1-path 7. Note that the relation between 
Ai and Aj is identical to that between A and A", replacing h by faj and r\ by 

T)ij. 



4.2.1 The group of 1-gauge transformations 

Let M be a smooth manifold. Let also Q = (d: E — > G, >) be a Lie crossed mod- 
ule with associated differential crossed module = (d: e — > g, >). The group 
of 1-gauge transformations in M is the group of pairs (h,r]), where h: M — > G 
is smooth, and rj is an e-valued 1-form in M. The product law will be given 
by the semidirect product: (h, r))(h', rf) = (hh 1 , h > rj + rf). Recall that a local 
connection pair in M is given by a pair of forms A G A 1 (M, g) and B £ A 2 (M, e) 
with d(B) = n A = dA + \A A ad A. Then defining: 

(A, B)<(h, rj) = (h~ l Ah + d^ 1 >n) + h^dh, h~ x t> (B + dr, + A rj + \p A ad 77) 

which is equivalent to saying 

(A",B") = (A,B)<(h,r)) 

in terms of Definition I4.6( defines a right action of the group of 1-gauge trans- 
formations on the set of local connection pairs. 



4.2.2 The coherence law for 1-gauge transformations 

The following theorem expresses how the holonomy of a local connection pair 
changes under the group of 1-gauge transformations. We recall the notation of 
[2~TTT1[2T2~2l and l4T2~T1 The notion of a flat ^-colouring appears in 12X21 

Theorem 4.8 (Coherence law for 1-gauge transformations) Let M be a 

smooth manifold with a local connection pair (A,B). Let also {h,vj) be a 1- 
gauge transformation, and let (A",B") = (A, B) <\(h,rj). LetT: [0,1] 2 — > M be 
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a smooth map. Define tP^'^JT) = T^^X as being the Q -colouring of the 3-cube 
D 3 such that: 



(A.B) \ (A".B") 

T$%°S* = ii V), T (a$) ° S t = H (T) 



of the faces of it, given that they coincide in their intersections.) Then T^'^ 



and 

T^%^t=r A h ' r,) (dtn i=l,2. 

(Note that the colourings of the edges of D 3 are determined from the colourings 
of the j 
is flat. 

Proof. The colouring T ( ( *;°L(r) is flat by Lemmad^Hl here (A', B') = {A, B)< 
(1<3, 77). Let us prove that the colouring T^ G j^ (T) is flat. This follows from 

theorems f2 . 3 1 1 or 1431 and the fact that if M,, = dB v + A ri A > B v G A 3 (M x {z, z G 
R}, e) is the 2-curvature 3-form of (A,,, -B,,) then the contraction of M,, with the 
vector field vanishes. A more intricate calculation of this type appears in 
the proof of Theorem 14.201 The theorem follows from the fact that T(G), the 
set of flat (/-colourings of the 3-cube D 3 , is a (strict) triple groupoid (see 12.2.2]) 
and T9^ V X = T>^g? o 3 T^°g,y where o 3 denotes upwards composition. ■ 
From remark |4~T1 it follows: 

Corollary 4.9 Suppose T: [0,1] 2 -> M is such that T(d[0, l] 2 )) = x ; w/«ere 
a; G M. Given a local connection pair {A, B) in M and a 1-gauge transformation 
(h, rf) we then have: 

{A,B)<(h, V ) x (A,B) 

er = h (x)> er ■ 

By construction we have: 

Corollary 4.10 Given a local connection pair (A, B) in M and a 1-gauge trans- 
formation (h, 0) we then have for any smooth map T: [0, l] 2 — > M: 

(A,S)<(h,0) (A.B) 

e r =h (r(0, 0))> e r . 

Theorem 14.81 may also be interpreted in a different way to give a relation 
between the holonomies for a 2-path T with image contained in Uij , using local 
connection pairs (Ai,Bi) and (Aj,Bj); Definition 13.41 Note that (Aj,Bj) = 
(Ai,Bi) < (<f>ij,Vij)- 

Theorem 4.11 (Transition 3-cube for a 2-path) Given a connection on a 
cubical Q-2-bundle over a pair (M, 11), let T : [0, l] 2 — >■ M be a smooth 2-path 
with image contained in Uij. Define T^ J g^\r) = T^ s '^ as being the Q- 
colouring of the 3-cube D 3 such that: 



T^f ° $T = n n T^f o 5% = % (T) 
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and 

T^foS^T^Ofr), k = l,2. 
ThenT^™P is flat. 

4.2.3 Dihedral symmetry for 1-gauge transformations 

Let M be a manifold with a local connection pair (A, B) and a 1-gauge trans- 
formation (h,i~i). Let 7: [0, 1] — > M be a smooth map. 

Theorem 4.12 We have: 

1. ri^( 7 - 1 )=ri^( 7 )- h 

2. If (A", B") = (A, B) < (h, 77) then (7) = (r^ (7)) • 

Recall e~ h = r x (e) and e _v = ^y(e), where e G T> 2 (Q), denote the horizontal 
and vertical inversions of squares in Q. 

Proof. The first statement is immediate. Let ho = h(^(0)), hi = /i(7(l)) and 
rf = -h^ 1 > n. Let also (A 1 , B') = (A, B) < (0, if). The second statement follows 
from: 

A A 

g~, g-i 



(A".,,') 



k 1 1 / T /»r is n% Si 



^;" rl (7) 



s> * * s. * 

A" A' 

9; 9-1 



(h.Tl), \ A" A' 

T A "(7) * gl t * * £l 



ha fy li! 1 G 



St 



Now note 



(A'V) (A'-Jj) /(A, v y 
ho> fj = = I /"Y 



the last equation can be inferred for example from the first equation of Remark 
K7\ m 

4.3 Equivalence of cubical C?-2-bundles with connection 

Let M be a smooth manifold. Let Q = (d: E — > G, >) be a Lie crossed module 
and let 25 = (d : e — > g, >) be the associated differential crossed module. We 
freely use the material of section [3J 
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4.3.1 A crossed module of groupoids of gauge transformations 

We define a groupoid Mg, whose set of objects Mg is given by the set of local 
connection pairs (A, B) in M, in other words A e A 1 (M, g) and B e A 2 (M, e) 
are smooth forms such that d(B) = 0,^ = dA+ ^A A ad A. The set of morphisms 
of Mg is given by all quadruples of the form (A, B, <fi, rf) where A and B are as 
above, (p: M — ► G is a smooth map and r\ e A 1 (M,t) is an e-valued smooth 

1- form in M. The source of (A, B, cj>, n) is (A, B) and its target is (A, B) < (</>, rf). 
The composition is given by the product of 1-gauge transformations; see 14.2.11 
We also define a totally intransitive groupoid Mj , consisting of all triples of the 
form (A, B, ip), where (A, B) is a local connection pair in M and ip is a smooth 
map M — > E. The source and target of (A, B, ip) each are given by (A, B), and 
wc define (A, B,ip)(A, B,ip') = (A, £?, ipip'). 

The following lemma states that this gives rise to a crossed module of 
groupoids, a notion defined in |BH1[ IBHS1 IBlj . for example. We follow the 
conventions of |FMPoj . 

Lemma 4.13 The map d: Mg -> Mg such that 

(A, B, i>) h> (A, B, dip, V>(# _1 ) + i>(A > V> -1 )) 

is a groupoid morphism, and together with the left action: 

(A, B, 0, 77) > (A 1 , B', ip) = (A, B,<j>> ip), 

where (A',B') = (A, B) < (0,77), of the groupoid Mg on the totally intransitive 
groupoid Mg defines a crossed module of groupoids Mg . 

Proof. Much of this is straightforward calculations. One complicated bit is to 
prove that: 

(A, B)<(dip, tAW" 1 ) + i>(A > = {A, B) (4.3) 

It is easy to see that this is true at the level of 1-forms. At the level of the 

2- forms we need to prove: 

B = (d^r^S+d^^-^+d^A^ 

(ipidip- 1 ) A ad {ipidip- 1 ) (ip(A > ip- 1 )) A ad {ip(A > ip- 1 )) 
+ 2 + 2 

+ (ipidip- 1 ) A ad (il>{A > V" 1 ))) • (4.4) 

We can eliminate two terms by using: 

which follows from the fact d9 = \9 A ad 9, where 9 is the Maurer-Cartan form. 
By using the Leibnitz rule it follows that: 

AA> W A>^)) + ^^" 1 )) A 2 ad ^^" 1 ))= ((^) • 
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Also we have 

d(tp(A > i;- 1 )) + (ipdip- 1 )) + Hdi'- 1 ) A ad {ij>(A > V' 1 )) = ip(dA > V" 1 ), 

using -0(A>-0 _1 ) = — (A > ip)^' 1 and (dip)^ -1 = —ipdi/j -1 . 
Putting everything together, formula (|4.4p reduces to: 

= 0- 1 >(B + V'(<9(B))>V _1 )) 
= 0- 1 > (S + ^Btp' 1 -B) 
= B. 

We have used the identity d(V) > e = T^e — eV for each £ e and for each 
e E E. This follows from the definition of a Lie crossed module. 
We now prove the other difficult condition, namely: 

d((A, B, <f>, rf) > (A', B', </,)) - (A, B, 0, t])d((A', B', i>)(A', B', -cj>~ 1 > ?/ ) 



or 



(4.5) 

Now use the fact that A' = (f)^ 1 A(p + (p~ 1 d^)+d(4>~ 1 >r]), and the terms involving 
rj on the right hand side cancel. ■ 

Definition 4.14 The crossed module of groupoids Mg of the previous lemma 
will be called the crossed module of gauge transformations in M . 

A very similar construction appears in |SW2I . Note that the collection of crossed 
modules Ug, one for each open set U C M, can naturally be assembled into a 
crossed module sheaf Mg over M. 



4.3.2 Equivalence of cubical C?-2-bundles with connection over a pair 

(M,U) 

Definition 4.15 We continue to fix a smooth manifold M. Given a point 
x G M, the crossed module Mg(x) of germs of gauge transformations is con- 
structed in the following obvious way from the crossed module sheaf Mg over M . 
The set of objects Mg(x) of Mg(x) is given by the set of all triples (A,B,U), 
with (A, B) € Ug, where U is open and x € U, with the equivalence relation 
(A, B,U) = (A' , B' ,U') if A — A' and B = B' in some open neighbourhood of x. 
One proceeds analogously to define the morphisms Mi(x) and the 2-morphisms 
Mj(ar) ofM g (x). ' 
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Note that the evaluation at x € M gives maps 

Af°(x) -> Eom(T x {M),Q) x Hom(A 2 (T :c ), e), 

Mg(x) ->Gx Hom(T a: (M), e) and Mj(x) -> E. 

Therefore the set N(Mg(x)) n of n-cubes of the cubical nerve N(Mg(x)) of Mg(x) 
(sec [BHS, BHS and 12.2.2]) . comes with a a naturally defined map 

t x :Ji{Mg(x)) n -> (Hom(T x (M), ) x Hom(A 2 (T,), e)) a " 

x (G x Hom(T ;E (M), e)) b " x £ c ", 

where a„, &„ and c n denote the number of vertices, edges and two dimensional 
faces of the n-cube [0, 1]". 

Consider the bundle U xe M^(Mg(x)), of cubical sets, which is a itself a cubi- 
cal set, where the set of n-cubes is given by Li x& M^{Mg(x)) n , with the obvious 
faces and degeneracies. The set of n-cubes of L) xe M^(Mg(x)) can be turned 
into a smooth space |BHol ICh] by saying that a map /: V — > U x€ M^{Mg(x)) n 
is smooth if (U xG Mtx) ° / is smooth, where V is some open set in some W. This 
upgrades the cubical set U xe u'N(Mg(x)) to a cubical object in the category of 
smooth spaces, a cubical smooth space. 

Theorem 4.16 Let 11 be an open cover of M . A cubical Q-2-bundle with con- 

nection over (M,1I) is given by a cubical map C(M,lL,x) — -¥ "N[Mg(x)), the 
cubical nerve of the crossed module of groupoids Mg(x), for each x S M. This 
is to verify the following smoothness condition: The collection 

|J /*: C(M,U,x) (J X(Mg(x)) 

x£M xEM 

is a map of cubical smooth spaces (recall that C(M, U) is a cubical manifold). 
Proof. Easy calculations. ■ 

Definition 4.17 We say that two cubical Q-2-bundles with connection 23 and 
23' over a pair (M, U), say (fa ■, fau, A h B % , r] tj ) and (fa, fa kl , A[, B' % , fa), are 
equivalent (and we write 23 =u 25' ) if the associated cubical maps C(M,1L,x) — > 
'N(Mg(x)) 1 where x € M, are homotopic, through a smooth homotopy (in the 
sense above). 

The fact that the cubical nerve of a crossed module of groupoids is a Kan cubical 
set |BH51 IBHSj can be used to prove that this is an equivalence relation. 

Explicitly, 23 =u 23' if there exist smooth maps $i : Ui — !> G and \&y : Uij — > 
E, as well as smooth forms Ei G A 1 (Ui, e) such that: 

1. We have 

d(Ai, Bi, Bi, $i, £i)(A' i ,B' i , fa, fa) = (Ai,B h fa , rjij ) (A 3 , Bj , £,), 

where we suppose (A'^B'A = (Ai,Bi) < and (Aj,Bj) = (Ai,Bi) < 

(fa,Vij)- 
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2. The colouring T of D 3 such that ^ (T) = (</>, V)ijfci , d 3 + (T) = (0', ^')«H 
(see subsection 14. 4p . and 



* ^ * 

* >• * 



-¥ * 



is flat for each x € E/jy and any see !2.2.2l We have put TV* 1 =ToSf = 
d?(T). 

We can easily see that this defines an equivalence relation on the set of cubical 
5-2-bundles over (M,U). 



4.3.3 Subdivisions of covers and the equivalence of cubical tJ-2-bundles 
over a manifold 

Let U = {Ui}i<zj be an open cover of M. A subdivision V of 11 is a map i £ 
3 n- Si, where Si is a set, together with open sets V a C Ui, for each a € Si such 
that Ui = LlazSiVa,- If we are given a cubical 5-2-bundle with connection 23 over 
C(M, II), we immediately have another one, 23v over V = {V a } ae Si, ieJj provided 
by the obvious cubical map C(M,V) — > C(M,U). Its structure maps are such 
that e.g. <f>ab — <l>ij\va,c<v b i where a S Si and b £ Sj, and analogously for all the 
remaining information needed to specify a cubical ^-2-bundle with connection. 
For the same reason, it is easy to see that if 23 =u 23' then 23v =v 23^ for any 
subdivision V of U. 

If 11 = {Ui}i e 3 and W = {Wjjjeg are open covers of M, then It n W is 
the open cover {Ui D Wj - }(i,j)e:jx3- ^ i s a subdivision of both U and W in the 
obvious way. 

Definition 4.18 (Equivalence of cubical C7-2-bundles with connection) 

Two cubical Q-2-bundles with connection 23 and 23' over the open covers 11 = 
{Ui}i£j and W = {Wj}j^g of M, respectively, are called equivalent if 

23unw ==unw ^unw 

The following follows from the previous discussion. 

Theorem 4.19 Equivalence of cubical Q-2-bundles with connection is an equiv- 
alence relation. 
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4.4 Coherence law for transition 2-cubes 

Let 23 be a cubical C/-2-bundle with connection over (M, II) (Definition | 
Suppose 7 is a 1-path whose image is contained in the overlap fyjy. Recall the 
notation in !2.2.1[|2.2.2l and subsection 14. 2 [ in particular the notion of transition 
2-cube for the path 7. Recall from Definition 13.11 the 2-cube (for each x € M): 



4>ki 

* > * 



ijkl 



Ipijkl 



<t>jl 



(4.6) 



Theorem 4.20 (Coherence law for transition 2-cubes) Lei 7: [0, 1] — > J7yjy C M 
be a smooth map. We have: 



d<t>ik,Vik) 



(7) f H) w (^ , *" ,0 )~ h w (^'" y) )" h w 



*(W,^), iW (7(0))) 



^((^0)^(7(1))), (4-7) 



</-, 



and therefore the Q -colouring T of D 3 such that: 

To 5^ = (lM) liJU (7(0)), To 5+ = (V»,^)y W (7(l)) 

and 



T O 5j = 



(<t>ik,Vik] 



(7), 



ro«5+=rf" w) (7), 



Tod-, 



y; (7), 



is /Zaf. 



Proof. By Theorem 14. 12[ the left hand side ^(7) of (|4.7p is (we omit the 7): 

*((^^)i ifcl (7(0)) 



A<j>,k,Vik) -(4>ki,nki) A<f>ji,Vji) 1 ±.{<t>a ,mi) 1 
T Ai T .A fc Ta, t a, 



which can also be written as: 



ik<Pki>A t 



id 



°h 



ik4>kL4>7i 1 4>7 i 1 >Ai 4>ki</>7i 1 <t>7i 1 >A i rj>~, 1 tt>~ i 1 >A i 0^ 1 >A i 



*(ftMW7(0)) 
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Here we have put 4> > A = A < cj)^ 1 = cjiAcj)^ 1 + Let j t : [0, 1] -> M be 

the path 7t(t') = 7(t't), where i,*' 6 [0, 1]. Let also F'(7 t ) 6 be the element 
assigned to the square F(-f t )- We then have (by using Remark |4"77|) : 



^'(7t) 3 7t > (^ijlidAjki + iPijli (A, > Vijw)) „ , % 



On the other hand 
d f Ai 



-r, (git > ^y«(7(*))) = f^t^i > V'iifcz + > , 
eft v /\ / £ 7 (i) 



7(t) 
A ■ 

This proves that F'(jt) = fl^ > ipijki(j(t)), which by taking t = 1 finishes the 
proof. ■ 



5 Wilson spheres and tori 

5.1 Holonomy for an arbitrary 2-path in a smooth mani- 
fold 

We recall the notation of subsections 14.11 14.21 and 14.41 



5.1.1 Patching together local holonomies and transition functions 

Let M be a smooth manifold. Let also Q = (d: E — > G, >) be a Lie crossed 
module with associated differential crossed module = (d: e — > g, >). Let It = 
be an open cover of M. Let 03 be a cubical (J-2-bundle over (M, XL) with 
connection, given by {<^y, V'«'fci}ij,fc,Je3 (Definition |3JJ and | .1,. />',. '/,.,},.,. :' 
(Definition GOO). 

Let L: [0, l] 2 — > M be a 2-path. Let Q denote a subdivision of [0, l] 2 into 
rectangles {Qr}r^oi, where 51 is some index set, by means of partitions of each 
[0, 1] factor, together with an assignment, to each R <E 3?, of in 6 3, such that 
T(Qr) C t/jjj. Such subdivisions with open set assignments (partitions Q of F) 
do exist because of the Lcbcsguc Covering Lemma. 

For each R E % let T R : [0, l] 2 -> M denote the restriction of V to 
rescaled and reparametrized to be a 2-path [0, l] 2 — > M . We reparametrize 
again to introduce additional 2-paths, which are thickened 1-paths, constant 
horizontally (e.g. %j in Figure [2] or constant vertically (e.g. %k in Figure [2]), or 
thickened points, constant both horizontally and vertically (j>ijki in Figure [2]). 
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Figure 2: Decomposition of Y for the definition of the holonomy of (r, Q) 



To each 2-path in this array we assign a 2-cube of the double groupoid D 2 (Q), 
see !2.2.ll as follows: 

(A,,Bi) 

Ti^H(Ti)= n (Ti) 
% -> r{%) = r { /r m3 \r t \ {1}xM ) or lik ^ r( llk ) = r^'^ (T^^y) 
Pijkl 1p(x)ijkl = (ip,(f>)ijki{x) 

where x £ M is the image of the constant 2-path Pijki ■ See Theorem 14.21 and 
equations (|4.1I) . (|4.2j) and (|4.6|) for the definitions. 

Definition 5.1 Given a 2-path T : [0, l] 2 — > M and a partition Q of T, the 
holonomy of (T, Q) for the cubical Q-2-bundle with connection H, written 

% (r, Q), 

or simply T~L(T ', Q) if the cubical Q-2-bundle with connection is clear from the 
context, is the composition of the 2-cubes of D 2 (Q) obtained from the above 
assignments. This is well defined due to the associativity and interchange law 
for the composition of squares in Q, which make up a double groupoid; see \2.2.i\ 

In the remainder of this chapter we will see that the 2-dimensional holonomy 
of Definition 15.11 does not depend (up to rather simple transformations) on 
the chosen partition of T, the chosen coordinate neighbourhoods, the choice of 
cubical 5-2-bundlc with connection within the same equivalence class, or the 
choice of T within the same thin homotopy equivalence class. Furthermore, 
in the final section we will see how it can be associated to oriented embedded 
2-sphcres in a manifold, therefore defining Wilson 2-Sphere observables. 

5.1.2 Independence under subdividing partitions 

Proposition 5.2 Suppose we introduce an extra point in one of the partitions 
underlying Q, so as to subdivide one of the rows or columns of the partition of 
[0, l] 2 . For this new subdivision, suppose we assign each of its rectangles to the 
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same open set as that assigned by Q to the rectangle in which it is contained, 
and call this new subdivision and assignment Q'. Then 

H{T,Q') = H(T,Q) 

Proof. (For the case of subdividing a row). The only change in the holonomy 
for Q' is in the contributions along the subdivided row, where the open set as- 
signments look like Figure [2] with i = k and j = I. Since t(^h) and ipijij(p) are 
thin elements of D 2 (Q) (from Definition ^. 4l and Section l4~2l and from Definition 
13. II respectively), the composition of the three rows of rectangles after subdivid- 
ing equals the composition of the original row of rectangles before subdividing. 
■ 

5.1.3 The case of paths 

Let 7 : [0, 1] — > M be a path. Let Q denote a subdivision of [0, 1] into subintervals 
{q r } r =i,....s, together with an assignment, for each r, of i r e J, such that 7(9,-) C 
U~i r . For each r, let j r : [0, 1] — > M denote the restriction of 7 to q r , rescaled 
and reparametrized to be a 1-path [0, 1] — > M. As for the case of 2-paths, 
we reparametrize again to introduce constant 1-paths p r , r +i with image x r = 
7r(l) = 7r+i(0) between j r and 7 r +i- To each of these 1-paths we assign an 
element of G as follows: 

Pr,r+1 H> (f>i r i r+1 (x r ) 

Definition 5.3 The holonomy of (7, Q) for the cubical Q-2-bundle with connec- 
tion 25, written 

S(7,Q). 

or simply T-L(j, Q) if the cubical Q-2-bundle with connection is clear from the 
context, is the composition of the 1-cubes of D 1 (^) obtained from the above 
assignments. Concretely, we have the formula: 

£ A i± A i2 A is 

T-L (7: Q) =371 ^i^^l) 9-12 </>i 2 i 3 ( x 2) ■■■ 9 lB ■ 



Let 7 be a 1-path, and let Q, Q' be based on the same subdivision of [0, 1] 
into subintervals {q r } r =i,....s, but with different assignments i r and i' r to each 
q r . As in Definition 15.11 we replace 7 by a product of 2-paths which are con- 
stant vertically, corresponding to j r , or constant horizontally and vertically, 
corresponding to x r . We introduce the notation: 

t (7,Q,Q') = r((7i) ilii )^(a;i) n42li ^T((72) l2 ^)...T((7 s ) 4slL ). (5.1) 

When 25 is understood we will drop it from the notation. In particular, this 
denotes the evaluation of a row of the holonomy formula of Definition 15.11 with 
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7 being the restriction of T to one of the horizontal lines in the partition of 
[0, l] 2 . We have: 

a d r( 7 , Q, Q') = H(j, Q) and 9„r( 7) Q, Q') = H(j, 0'), 

with 23 understood everywhere. 

5.1.4 The dependence of the holonomy on the partition Q 

We want to study the effect on the holonomy of substituting the subdivision 
with open set assignments Q by Q'. Since by the previous proposition, the 
holonomy is unaffected by subdividing the partition of [0,1] 2 , we can assume 
that the underlying subdivision of [0, l] 2 is the same for Q and Q', thus that Q 
and Q' differ only with respect to the open set assignments. 

Theorem 5.4 (Coherence law for 2-holonomy) Let T: [0,1] 2 — > M be a 
smooth map. Suppose Q and Q' are given by the same subdivision of [0, l] 2 into 
rectangles {Qr}r^ji, and assignments in and i' R respectively to each rectangle 
Qr such that T(Qr) C Ui R D . Then the respective holonomies of T are 
related by the homotopy addition equation \2.$ for T G D 3 , where T is given 
by: 

T o 5- = H(T, Q) and T o 5+ = H(T, Q') 

To6t=T(dt(T),d±Q,dtQ% i = l,2; 

where d^Q andd^Q' are the restrictions of Q and Q' to the corresponding faces. 
In other words the colouring T of D 3 is flat. 

Proof. Analogously to the procedure in Definition 15.11 but now in three 
dimensions, we take the 3-path T x id[o,i] , with its domain [0,1] 3 partitioned 
into rectangular solids by the partition of the domain of T underlying Q and Q'. 
We then reparamctrize to replace the vertical surfaces and lines of the partition 
by 3-paths that are constant horizontally or vertically, or both horizontally and 
vertically. The flat cube T £ "J 3 (Q) is the composition of elementary flat cubes 
of the following types. 

To each 2-path Tr, we assign (see Theorem 14. 

T(r K ,Q,Q')-^;^ i ' fl) 

To each j R s = d^T R = d^Ts we assign a version of the flat cube of Theorem 
ET2U1 namely T(*f RS , Q, Q') given by 

'd^T{^R S , Q, Q') = r ( 7isis ), d+T^Rs, Q, Q') = f(^ R e s ) 
< d^TfiRs, Q, Q') - T(~/ iRi > B ), d+T^R S , Q, Q') = r( Ws ) 
d^T(% s , Q, Q') = TPh(0) iRis i> R i' 3 ), d+T^Rs, Q, Q') = i>(l(l)i R i s i' H i> s ) 
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To each jus = — d 2 Ts we assign a version of the flat cube of Theorem 

KM namely T(j RS , Q, Q') given by 

f a 3 -T( 7flS , Q, Q') = r( 7 «i s ), a 3 + T( 7fiS , Q, Q') = r( 7 ^ s ) 
^ a 2 -T( 7H s, Q, 0') - r(7 iRi ^), 9+T( 7 fl S , Q, Q') = r( 7i ^ s ) 

Finally, to each Prstu = d^d^Tji = ^t^i^s = d^d^Tx = d^d^Tu, we 
assign the flat cube of Definition 13. II (2) with open set indices ig, i-p, «;/ and 
i f R}i' s>i f T:i'u- The result follows from the fact that the set of flat 3-cubes in 
5 can be turned into a strict triple groupoid; see 12.2.21 ■ 

As an immediate consequence we have the following non-trivial result: 

Corollary 5.5 Let Y, Q, Q' be as in Theorem \5.4\ If the open set assignments 
lR and i' R agree on the rectangles along the boundary of [0, l] 2 , then %{T,Q) = 
H(T, Q'). 

Proof. If we use condition 4 of Definition 13.11 and condition 1 of Definition 
13.41 in equation (|5.1|) we can see that T o df each are identity 2-cubes in Q for 
i = 1,2. Now compare with the homotopy addition equation (|2.4[) . ■ 
Analogously it follows: 

Corollary 5.6 Let T 1 Q, Q' be as in Theorem \5.4\ Suppose T(9[0,l] 2 ) = x, 
for some x € M , and that the open set assignments for all rectangles along the 
boundary of [0,1] 2 are chosen to be the same, i.e. all equal to i x for Q and all 
equal to i' x for Q'. Then we have: 

5.1.5 Invariance under (free) thin homotopy 

Let M be a manifold with a local connection pair (A, B). It follows from The- 

(A,B) 

orem 1431 that the two dimensional holonomy % (T), where V : [0, l] 2 — > M 
is a smooth path, is invariant under thin homotopy. Now suppose that M is 
equipped with a cubical C?-2-bundle connection. In this subsection we will study 
how H(T) varies under thin homotopy. We will consider a slightly more gen- 
eral definition of thin homotopy (a generality that is needed to define Wilson 
spheres). 

Definition 5.7 Two smooth maps r, r": [0,1] 2 — > M are said to be freely 
thin homotopic if there exists a smooth map J: [0, l] 2 x [0, 1] — > M such that 
Rank(XV J) < 2, for each v G [0, l] 3 , and such that J — V and d% J = V . 

Note that J is, in general, not a rank-2 homotopy since it docs not satisfy the 
conditions 1 and 2 of its definition; see 12.3.21 
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Theorem 5.8 (Invariance under free thin homotopy) Consider a free thin 
homotopy J : [0, l] 3 — > M with J — T and d$J = V . Let Q denote a sub- 
division of [0, l] 3 into rectangular solids {Qr}r^ji, using partitions of the three 
[0, 1] factors, together with an assignment for each R £ 31 of in £ J such that 
J{Qr) C Ui R . Such subdivisions exist because of the Lebesgue Covering Lemma. 
Then Q naturally induces subdivisions and open set assignments on each face of 
[0, l] 3 , denoted dfQ, i = 1, 2, 3. 

Then the holonomies H(T, d^Q) and H(T', d^Q), with respect to a fixed cubi- 
cal Q-2-bundle with connection H, are related by the homotopy addition equation 
forT(J,Q), where: 



Proof. The proof is very similar to the proof of Theorem 15.41 By analogy 
with the definition of holonomy, we reparametrizc J to introduce additional 3- 
paths for each face separating the rectangular solids, for each edge separating 
these faces and for each point separating these edges. The additional 3-paths arc 
constant in one, two or all three of the directions (horizontal, vertical, upwards) . 
The cube T( J, Q) is the composition of flat cubes of various types which, for 
the most part, we have already encountered in the proof of Theorem l5.4[ or are 
analogous versions of these obtained by rotation. The remaining flat cubes are 
of the type appearing in Theorem 14.51 corresponding to Jr, the restriction of J 
to Qr, rcparametrized to be a 3-path, with the local connection pair (A iR , B iR ), 
for each R £ 3?. Note that the curvature 3-form vanishes, since J is thin. ■ 
The following analogue of Corollary 15.61 holds. 

Corollary 5.9 Under the conditions of Theorem I5.<j?l suppose J is such that 
J(<9[0, l] 2 x {t}) = q(t), for some smooth map q: [0, 1] — > M, with q(0) = x and 
q(l) = x' . Suppose also that the open set assignments for the rectangular solids 
along d[0, l] 2 x [0,1] only depend on the upwards direction, i.e. they are given 
by fixing d^d^Q- Then 



where 'H(q,d 1 d 2 Q) is defined in Definition ] 5. 31 

5.1.6 Dihedral symmetry for the holonomy of general squares 

Suppose that 23 is a dihedral cubical t/-2-bundle over (M, 11), with a dihedral 
cubical connection (see definitions 13.31 and I3.5[) . Let (r, Q) be as in Definition 
15.11 and let r be some element of the dihedral group D4 of the square. Then we 
define Q r to be the subdivision of [0, l] 2 with open set assignments induced on 
r o by Q. 

Theorem 5.10 We have: 



dtT{J,Q)=U{dfj,dt 



Q), i = 1,2,3. 



rl{To r -\Q r ) 



r(n(T,Qj). 
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Proof. This follows from theorems 14.41 and 14.121 and the definition of a dihedral 
cubical £/-2-bundle with a dihedral connection; definitions 13.31 and 13.51 Note 
that the action of r in V 2 (Q) is a double-groupoid morphism ( see 12. 2 .1"]) . so that 
it is enough to check the equation for all the 2-paths appearing in the definition 
of H(T, Q) and the corresponding 2-cubcs of D 2 (Q) - sec Definition 15. II ■ 

5.1.7 Dependence of the surface holonomy on the cubical C?-2-bundle 
with connection equivalence class 

Let 23 be a cubical tJ-2-bundle with connection over (M, U), and recall from 
subsection 14.31 the cubical C?-2-bundle with connection 23 v obtained from 23 and 

■B 

a subdivision V of the cover U. Consider the holonomy % (T, Q) of Definition 
15.11 Let Qv denote the same subdivision of [0, l] 2 into rectangles {Q_r}_rgx as 
Q, with assignments R \-t an such that T{Qr) C V aR , where or € Si R (using 
the notation at the end of subsection 14. 3|) . Then it is clear from Definition 15.11 
and Proposition 15 . 21 that we have: 

n (r,Q v )=S (r,Q). 

Thus we will only consider equivalences of cubical C/-2-bundles with connection 
with respect to a fixed cover It of M. 

Suppose that 23 and 23' are equivalent cubical C/-2-bundles with connection, 
with the equivalence given by the triple (<&;, Si, of subsection 14.3.21 Note 
that condition (1) of the equivalence, in view of equation (14.31) . may be rewritten 
as the following equations: 

(A' i ,B' i ) = (A i ,B i )<($ i ,S i ) (A' j ,B' j ) = (A' i ,B! i )< {^A,) 

[A, , Bj) = (A l ,B l ) < , rfe ) (A'j , BJ) = (A 3 , Bj) < , S, ) 

We now proceed analogously to equation (|5.1| . Let 7 be a 1-path, and let 
Q, be a subdivision of [0,1] into subintervals {<2v}r=i,...,s; with an assignment 
t 1 — y i r G 3, such that 7(e? r ) C Ui r . Let "f r denote the restriction of 7 to q r , 
rescaled and reparametrized to be a 1-path, and denote the points separating 
the images of j r by x r . We define: 

(B f' 5 ( 7 ,Q) = T^'^\ ll )(* 1 <P) tll2 ( Xl )T i *^ 

(5.2) 

Then the proof of Theorem 15.41 can be reformulated to give the dependence of 
the holonomy on changing 23 within the same equivalence class. 

Theorem 5.11 (Behaviour under cubical £-2-bundle equivalences) Let 

23 and 23' be equivalent cubical Q-2-bundles with connection, with the equivalence 
given by the triple (<f>i, Si, Let T: [0, l] 2 — > M be a smooth map and sup- 

pose Q is a subdivision of [0,1] 2 into rectangles Q = {Qr}r^ji, together with 
assignments R ^ in such that T(Qji) C Ui n . Then the holonomies of (T, Q) 
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with respect to 23 and 23' are related by the homotopy addition equation \2.J$ for 
T G D 3 , where T is given by: 

T o <5 3 - =% (r, Q) and T o 5+ =U (T, Q) 

and 

We have the following analogue of Corollary 15. 61 

Corollary 5.12 Given the conditions of Theorem \5 . 1 1[ suppose L(<9[0, l] 2 ) = x, 
for some x 6 M , and that the open set assignments for all rectangles along the 
boundary of [0, l] 2 are chosen to be the same, say i x . Then 

5.2 Two types of Wilson surfaces 

Let 23 be a cubical Q-2- bundle with connection over (M, II). Let L : [0, l] 2 — > M 
be a 2-path such that L(<9[0, l] 2 ) = x for some x G M. Thus L factors through 
a map / : 5 2 — > M. We say that L and L' arc equivalent if the corresponding 
maps / and /' from S 2 to M are related by /' = / o g where g is an orientation- 
preserving diffcomorphism of 5* 2 . 

Let Q be a subdivision of [0, l] 2 into rectangles {Qr}r^oi with open set as- 
signments i? i— > ifi such that T(Qr) C Ui R , and suppose that these assignments 
are the same, say i x , for all rectangles along the boundary of [0, l] 2 . 

Definition 5.13 With 23, L and Q as above, we define the Wilson sphere func- 
tional to be 

Wb (r, Q) =U (L, Q) G kcr d C E. 

Theorem 5.14 Up to acting by elements of G, the Wilson sphere functional 
Ws(r, Q) is independent of the choice of Q, the choice of V within the same 
equivalence class, and the choice of 23 within the same equivalence class. For 23 
a dihedral bundle with dihedral connection and r E D4 an orientation reversing 
element, we have, following the notation of Theorem \5. 1(A 

Ws(Lor-\Q r ) = (WbCT.Q))- 1 . 

Proof. The statement for Q follows from subsection 15.1.21 and Corollary 15.61 
Since the mapping class group of S 2 is {±1}, when T and L' are equivalent, then 
they are isotopic. Thus there exists a thin free homotopy J : [0,1] 3 — >• M of 
the type appearing in Corollarv l5.9l (J is thin since it factors through a smooth 
family of diffeomorphisms of S 2 ), and satisfying d% J = T and d$J = T'. Thus 
the statement for L follows from Corollary 15.91 The statement for 23 follows 
from Corollary 15.121 The final statement, when the bundle and connection are 
dihedral, is an immediate consequence of Theorem 15.101 ■ 
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If the image of T is an embedded sphere E in M, then any two orientation- 
preserving parametrizations of E are equivalent. In this case we may state the 
result as follows: 

Theorem 5.15 (Embedded Wilson Spheres) The holonomy of an oriented 
embedded sphere E does not depend on the chosen parametrization of E up to 
acting by elements of G. We denote it by Ws(E). 

This may have applications in 2-knot theory, c.f. |W1 ICR] . 

With 23 as before, suppose now that T is such that d u T = ddT and 9/T = d r T. 
Then the 2-path T factors through a map / from the torus T 2 to M. We say 
that r and V are equivalent if the corresponding maps / and /' from T 2 to M 
are related by /' = / o g where g is an automorphism of T 2 which is isotopic to 
the identity (note that the mapping class group of the torus is GL(2, Z)). 

Let Q be a subdivision of [0, l] 2 into rectangles {Qr\r^% with open set as- 
signments R h-> in such that r(Qfl) C Ui R , and suppose that these assignments 
are such that they match along the upper and lower boundary of [0, l] 2 , and 
along the left and right boundary of [0, l] 2 , i.e. d u Q = ddQ and diQ = d r Q. 

Definition 5.16 With 23, T and Q as above, we define the Wilson torus func- 
tional to be 

w B (r, Q) =n (r, Q) e d-\G^) c e, 

where G*- 1 ' is the commutator subgroup of G. 

Note that the value of the Wilson torus functional indeed belongs to d~ 1 (G^), 
since 

d(n (r,Q)) = [n {d d v,d d Q)),u (d r r,d r Q))}. 

Analogous arguments to the proof of Theorem 15. 141 now using Thcorcm l5.4l 
Theorem 15.81 and Theorem 15. 11[ give: 

Theorem 5.17 The Wilson torus functional Ws(r,Q) is independent of the 
choice of Q, the choice of T within the same equivalence class , and the choice 
ofB within the same equivalence class, up to changes of the form of the following 
simultaneous horizontal and vertical conjugation: 

W s (r,Q) ^ ei W s (r,0) e^ h . 

l e 2 j 

Remark 5.18 If the image of T is an embedded torus E in M , then unlike 
in the case of the sphere, the holonomy of E will in general depend on the 
mapping class of T and not just on the oriented embedded surface itself. This is 
a consequence of the fact that the mapping class group of the torus is GL(2,Z) 
rather than {±1}, which is the case of the sphere. 
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